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In heavy-ions reactions, a cancellation between an attractive nuclear potential and the repulsive
Coulomb potential makes a potential barrier called the Coulomb barrier between the colliding nu-
clei. In heavy-ion reactions around the Coulomb barrier energy, the coupling between the relative
motion and internal excitations of the colliding nuclei has been found to play an important role.
It has been well known that subbarrier fusion cross sections are significantly enhanced due to the
coupling effect, compared to a prediction of a simple potential model.
In order to take into account the coupling effect, a coupled-channels method has been employed
as a standard approach. Conventionally, only a few low-lying collective excitations such as vibra-
tional excitation or rotational excitations in deformed nuclei have been taken into account. The
coupled-channels method has successfully accounted for experimental data for heavy-ion fusion
reactions as well as quasi-elastic scattering.
Recently, however, a few experimental data which cannot be accounted for by the conventional
coupled-channels method have been obtained. These include the quasi-elastic scattering experi-
ment for 20Ne + 90,92Zr systems and the fusion and quasi-elastic scattering experiments for 16O +
208Pb system. The conventional coupled-channels calculations, which take into account only the
collective excitations of the colliding nuclei, failed to reproduce the data, and the noncollective
excitations, which are not included in the usual coupled-channels calculations, are suggested to
play an important role in these systems. The noncollective excitations have not been taken into
account explicitly in previous studies of the low-energy heavy-ion reactions, and their role has not
been clarified. In this thesis, we explicitly take into account the noncollective excitations in the
coupled-channels calculations and clarify their role in low-energy heavy-ion reactions.
At first, the fundamental properties of the collective and the noncollective excited states are
reviewed. By using the liquid drop model, we discuss how the regularity of the collective excited
states appears. We also mention an interpretation of the collective and the noncollective excited
states from a microscopic point of view.
The theoretical frame work for the study of the low-energy heavy-ion reactions is discussed
in the next. The coupled-channels formalism is reviewed and the barrier distribution method is
introduced. We discuss the effect of the collective excitations on heavy-ion fusion reactions through
the calculation of the fusion barrier distribution. We also review the random matrix theory and its
applications, as we employ the model of Weidenmüller et al. for deep inelastic collisions based on
the random matrix theory for the description of the noncollective excitations.
We start our investigation of the role of the noncollective excitations with 16O + 208Pb system[2].
For this system, the energy dependence of the Q-value distribution (a distribution of the energy
of a scattered particle) has been experimentally obtained. The experimental data show that the
contribution from the higher excitation energy region, which can be considered as the noncollective
excitations, increases as the incident energy increases. For 208Pb, the information on the excited
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states up to a rather high excitation energy has been obtained by the high precision proton inelastic
scattering experiments. We describe the noncollective excitations of 208Pb using this information as
inputs of calculations. We show that the energy dependence of the calculated Q-value distribution
is consistent with the experimental data.
We then study the role of the noncollective excitations in the quasi-elastic scattering for 20Ne
+ 90,92Zr systems. For these systems, the experimental quasi-elastic barrier distributions show dif-
ferent behavior between the two systems, that is, the barrier distribution for the 20Ne + 92Zr system
is much more smeared than that of the 20Ne + 90Zr system. However, the coupled-channels cal-
culation cannot yield smeared barrier distribution for 20Ne + 92Zr system, and thus cannot account
for the difference in the barrier distribution if only the collective excitations are taken into account.
In order to see whether the noncollective excitations cure this problem, we take into account the
noncollective excitations of Zr isotopes in the calculation. For the description of the noncollective
excitations, we use the random matrix theory, because the information on the excited states has not
been sufficiently obtained for Zr isotopes in contrast to the case of 208Pb. We show that, by taking
into account the noncollective excitations, the quasi-elastic barrier distribution for the 20Ne + 92Zr
system is significantly altered, while for the 20Ne + 90Zr system, the effect of the noncollective
excitations is found to be small. Although our calculation does not improve the agreement of the
quasi-elastic scattering cross sections below the barrier, we show that the magnitude of the non-
collective effect is considerably different between the two systems. This difference originates from
the level density of the Zr isotopes. That is, since 90Zr is a closed shell nucleus with 50 neutrons
and 92Zr has two extra neutrons, a large number of the noncollective excited states appear in 92Zr
nucleus. We also show that our calculation predicts a similar effect of the noncollective excitations
for 24Mg + 90,92Zr systems.
[1] S. Yusa, K. Hagino, N. Rowley, Phys. Rev. C 82, 024606 (2010).
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Nuclear reactions show a variety of behaviors depending on the colliding energy and species of
the colliding nuclei. For heavy-ion reactions, a cancellation of an attractive nuclear potential and
the repulsive Coulomb potential makes a potential barrier called the Coulomb barrier. In Fig.
1.1, we show an example of the potential for 20Ne + 90Zr system. In heavy-ion reactions around
the Coulomb barrier energy, a quantum tunneling effect is important for discussing the barrier
penetration and thus the fusion process. Since a nucleus is a composite system, the internuclear
potential can be modified due to the internal excitations of the colliding nuclei, and the fusion
probability can be changed. Therefore, heavy-ion reactions around the Coulomb barrier provide
us with a good opportunity to investigate an interplay between the reaction process and internal
excitations in the colliding nuclei. These internal excitations can be considered as environmental
degrees of freedom for the relative motion of the reaction. Thus, low-energy heavy-ion reaction
gives an example of the quantum tunneling in the presence of the external environment. The effects
of the external environment on a quantum tunneling process were studied in detail by Caldeira
and Leggett[1, 2]. They considered a system coupled to a number of harmonic oscillators which
act as the environment, and discussed the effect of the energy dissipation to the environmental
degrees of freedom on the quantum tunneling rate. In low-energy heavy-ion reactions, a well known
example of the coupling effect is the enhancement of subbarrier fusion cross sections, compared to
a prediction of a simple potential model[3, 4].
In order to take into account such a coupling effect in the description of low-energy heavy-ion
reactions, a coupled-channels method has been employed. This method expresses the wave function
as a superposition of various channel wave functions, and is employed not only in nuclear physics
but also in quantum chemistry to describe the multi-dimensional tunneling phenomena. In the
framework of the coupled-channels method, one can consider coupling to several kinds of intrinsic
motions, such as low-lying collective excited states, transfer channels, noncollective excited states,
and giant resonances. Among these excitation channels, conventionally, a few low-lying collec-
tive excitations of the colliding nuclei, such as a vibrational mode in spherical nuclei or rotational
excitations in deformed nuclei, have been taken into account. Transfer channels have been also
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Figure 1.1: The internuclear potential between 20Ne and 90Zr nuclei. The green dotted line and the
red dashed line show the Coulomb and the nuclear potentials, respectively. The solid blue line is
the total (Coulomb + nuclear) potential. RB and VB are the position and the height of the Coulomb
barrier, respectively.
sometimes taken into account in analyses, often in a simple way. Noncollective excitations have
not taken into account explicitly in usual calculations. This is because, among the internal excited
states, collective states strongly couple to the relative motion and thus most likely to be excited. In
fact, by taking into account the coupling to low-lying collective states, the large enhancement of
subbarrier fusion cross sections observed in the experiments has been accounted for various sys-
tems. Although giant resonances have the collective nature, these are not taken into account, either.
Their excitation energy is high enough, and their effect can be compensated by renormalizing the
internuclear potential in the coupled-channels calculations. There are other reasons why only the
low-lying collective excitations have been taken into account. That is, the description of the collec-
tive states is relatively easy, because their nature has been known much better than noncollective
states. In addition, since a small number of the collective excitation channels, at most a few tens of
channels, are relevant to low-energy heavy-ion reactions, it has been feasible to take into account
them explicitly in the actual calculations. Including collective excitations, the coupled-channels
analyses have been successfully accounted for various experimental data for heavy-ion fusion re-
actions as well as quasi-elastic scattering (a sum of elastic and inelastic scattering and transfer
reactions) at backward angles[3]. These two reaction processes are complementary to each other
from the point of view of the tunneling of the potential barrier. That is, the fusion process corre-
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sponds to the penetration of the barrier, while the backward scattering corresponds to the reflection
from the barrier.
In the eigenchannel representation, the channel-coupling effects lead to a distribution of poten-
tial barriers[5]. It has been well established that the barrier distribution can be directly extracted
from experimental fusion and quasi-elastic scattering cross sections. For fusion reactions, the bar-
rier distribution is defined as the second derivative of the product of center-of-mass energy Ec.m. and
the fusion cross section σfus with respect to Ec.m., that is, d2(Ec.mσfus)/dE2c.m.[4, 6]. For quasi-elastic
scattering, the barrier distribution is defined as the first derivative of the ratio of the quasi-elastic
scattering cross section to the Rutherford cross section with respect to the center-of-mass energy at
backward angle, that is, −d(σqel(θ = π)/σR(θ = π))/dEc.m. [7, 8]. It has been well recognized that
the fusion and quasi-elastic barrier distributions behave in a similar way, while the quasi-elastic
barrier distribution tends to be more smeared[7, 9, 10]. These quantities are known to be consid-
erably sensitive to the channel-coupling effects[3, 4, 11]. Since the barrier distribution represents
the barriers which have to be overcome by the colliding nuclei to fuse, it is a useful quantity for the
understanding of the reaction process. They can also serve for the determination of deformation
parameters[12].
Although the coupled-channels method has been successfully accounted for various experimen-
tal data for heavy-ion fusion reactions, as well as quasi-elastic scattering, there also exist experi-
mental data which cannot be accounted for by the conventional coupled-channels analysis. One
of the well known examples is a fusion experiment for 40Ca + 90,96Zr systems[13]. In these sys-
tems, compared to the data for 40Ca + 90Zr system, subbarrier fusion cross sections for 40Ca + 96Zr
are strongly enhanced and the corresponding fusion barrier distribution exhibits much smeared
structure. These behaviors have been attributed to the effect of multi-nucleon transfer process,
and cannot be accounted for by the conventional calculations. For the coupled-channels approach,
there is also a long-standing problem, that is, in order to reproduce experimental fusion data, a
significantly larger value of the surface diffuseness of the nuclear potential is required, compared
to the value found from fitting to the scattering process[14, 15]. Another long-standing problem is
that the coupled-channels calculation has not been able to simultaneously reproduce the fusion and
quasi-elastic barrier distributions for 16O + 144Sm system[10].
These failure and problems of the coupled-channels method indicate that the collective exci-
tations are insufficient to understand the reactions process for some systems, and other effects not
included in the conventional method, such as, noncollective excitations, multi-nucleon transfer pro-
cesses, or effects which are beyond the framework of the ordinary coupled-channels method are also
important to describe the reactions. For example, as we have mentioned, the multi-nucleon transfer
reactions have been considered to be important for 40Ca + 96Zr system. Nevertheless, these chan-
nels have not yet been taken into account in the usual calculations, since the description method
of them has not been established. Therefore, the study of multi-nucleon transfer reactions as well
3
Figure 1.2: Extracted quasi-elastic barrier
distribution for 20Ne + 90,92Zr systems at
three scattering angles. The dashed line in
Fig. 1.2(a) shows the result of the coupled-
channels calculation. The solid line in Fig.
1.2(b) is obtained by smearing the data for































Figure 1.3: Energy spectra for Zr isotopes.
The dashed lines represent the collective ex-
citations which are taken into account in the
coupled-channels calculation shown in Fig.
1.2. The rotational states of 20Ne are also
shown. Taken from Ref. [20].
as noncollective excitations in heavy-ion reactions is important for the further understanding of
reaction process and for the development the coupled-channels method.
In addition to the long-standing problems which we have mentioned above, several recently
obtained data cannot be accounted for by the conventional coupled-channels calculations. For
example, fusion cross sections at deep subbarrier energies are strongly suppressed, compared to
the prediction of the coupled-channels calculations[16, 17, 18, 19]. Another example is the quasi-
elastic scattering experiment for 20Ne + 90,92Zr systems[20]. In this experiment, the quasi-elastic
barrier distributions were obtained from measured quasi-elastic cross sections and were analyzed by
the coupled-channels calculation. This is shown in Fig. 1.2, which is taken from Ref. [20]. The dots
represent the experimental data at three different scattering angles and the dashed line in the upper
figure represents the results of the coupled-channels calculation. The difference in the scattering
angles of the data is compensated by modifying the CM energy Ec.m. to Eeff , which takes into
account the effect of the centrifugal potential (see Eq. (3.47)). As one can see, the experimentally
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Figure 1.4: Experimental Q-value distribution for 16O + 208Pb system at three subbarrier energies.
The figure is taken from Ref. [25]. The peak indicated by the arrow represents the octupole phonon
excitation of 208Pb.
is, the barrier distribution for 20Ne + 92Zr is much more smeared than that for 20Ne + 90Zr system.
However, the coupled-channels calculation which takes into account the rotational excitations of
20Ne and the collective vibrational excitations of 90,92Zr yields similar barrier distributions, because
the largely deformed 20Ne dominantly determines the barrier structure, while the difference in the
vibrational excitations in 90,92Zr plays only a minor role. One of the possible reasons for this
problem is the effect of the transfer reactions[13, 21]. However, for these systems, the total transfer
cross sections have been found to be almost the same[20]. Therefore, the difference in the barrier
distributions has been conjectured to arise from noncollective excitations which are not explicitly
taken into account in the coupled-channels analysis. In Fig. 1.3, we show the energy spectra of
90,92Zr nuclei. Since the 90Zr is a closed shell nucleus with 50 neutrons and 92Zr has two additional
neutrons, the number of relatively low-lying noncollective states in 92Zr is much larger than that in
90Zr. In fact, while there are only 12 states in the 90Zr nucleus up to 4 MeV, there are 53 known
states in 92Zr nucleus[22]. For 5 MeV, the number of known states is 35 and 87 for 90Zr and 92Zr,
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respectively. Although the excitation to each noncollective state is weak compared to that to a
collective state, excitations to a large number of noncollective states may alter the barrier structure.
Indication of the importance of the noncollective excitations can be seen in the quasi-scattering
experiments for 16O + 208Pb system[23, 24, 25, 26, 27]. In the experiments, the Q-value distribution
was measured at several different energies. The experimental data are shown in Fig. 1.4, which is
taken from Ref. [25]. VB in the figure represents the height of the Coulomb barrier. The horizontal
axis represents the Q-value, that is, the loss of kinetic energy due to the internal excitations of the
colliding nuclei. Thus, the peak at Q = 0 represents the elastic scattering and the contribution
from a negative Q-value represents the inelastic scattering. The arrow in the figure indicates the
peak for the first 3− state in 208Pb which is considered to be a collective state. The distribution at
larger Q-value can be considered as the contribution from the noncollective excited states, since
in such a high excitation energy region, a large number of noncollective excited states exist in the
energy spectrum of 208Pb. While the elastic scattering is dominant at the lowest incident energy, the
experimental data indicate that the contribution from the noncollective excitations increases as the
incident energy increases. For this system, precise fusion cross sections were measured around the
Coulomb barrier energy, and a careful coupled-channels analysis has been performed[28, 29] by
including the collective vibrational excitations in 208Pb and a few transfer channels. Since both 16O
and 208Pb are double closed shell nuclei, one may think that it is a straightforward task to reproduce
the experimental data. However, the coupled-channels calculation cannot simultaneously reproduce
the fusion cross sections above and below the Coulomb barrier and overestimates the height of the
main peak of the fusion barrier distribution, even if all the relevant collective excitations are taken
into account. This fact shows that one has to take into account the effects which are not taken
into account in the conventional coupled-channels calculation, such as noncollective excitations.
Therefore, the experimental data for 16O + 208Pb system, together with that for 20Ne + 90,92Zr
system, provide us with a good opportunity to investigate the effect of noncollective excitations in
heavy-ion reactions.
The aim of this thesis is thus to investigate the role of noncollective excitations in low-energy
heavy-ion fusion reactions and quasi-elastic scattering. In the conventional coupled-channels cal-
culations, the effect of noncollective excitations is implicitly taken into account through the optical
potential. However, the distribution of eigenbarriers is not altered in this treatment. Thus, by
including the noncollective excitations into the coupled-channels method in an explicit way, we
discuss the role of noncollective excitations in fusion and quasi-elastic scattering cross sections and
barrier distributions, as well as Q-value distributions. This study will give us a further understand-
ing of the reaction process, which has usually been discussed only with the collective excitations.
It will be also an important step to develop the modern coupled-channels method and to extend the
applicability of the method.
The thesis is organized as follows. In chapter 2, a fundamental feature of nuclear excited states
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is reviewed. Especially, low-lying collective excited states are reviewed in detail based on the liquid
drop model. We also mention an interpretation of the collective and the noncollective excited states
from a microscopic point of view.
In chapter 3, the theoretical framework for the description of heavy-ion reaction is reviewed.
The coupled-channels method is employed throughout this work. After the derivation of the
coupled-channels equations in the full angular coupling formalism, the isocentrifugal approxima-
tion is introduced to reduce the number of channels in the calculation[30, 31, 32, 33, 34, 35, 36, 37,
38, 39]. A sudden tunneling limit is discussed and the eigenchannel formalism is presented. The
barrier distribution method is then introduced both for fusion reaction and quasi-elastic scattering.
The constant coupling approximation is also discussed[5]. The effect of collective excitations on
subbarrier fusion cross sections and the barrier distribution is presented through typical calculations
for the vibrational coupling and the rotational coupling. The effect of high-lying collective states
is also discussed. Inclusion of high-lying states does not significantly alter the shape of the barrier
distribution but produces an adiabatic potential renormalization[40]. At the end of chapter 3, the
computational method of the coupling matrix elements in the full order coupling is presented[41].
In order to take into account the coupling to noncollective states in the coupled-channels calcu-
lation, one needs to know the transition strength to those states. For some nuclei, such information
is experimentally obtained. For example, almost all of the excited states of 208Pb up to 7 MeV have
been identified (the spin, parity, excitation energy, and deformation parameter) from high precision
proton inelastic scattering experiments[42, 43]. However, in general, such information is not neces-
sarily available. For such systems, one has to resort to a theoretical or phenomenological model to
estimate the transition strength to the noncollective states. For this purpose, a model for heavy-ion
reactions based on the random matrix theory is employed in this work. This model was originally
introduced for the study of heavy-ion deep inelastic collisions in the 1970’s by Weidenmüller and
his collaborators[44, 45, 46, 47, 48, 49, 50]. Chapter 4 is devoted to the random matrix theory,
which is the basis of this model. Fundamental feature of this theory and the relation to the nuclear
spectrum is reviewed.
As mentioned above, the information on the noncollective excited states is obtained for 208Pb
nucleus from high precision proton inelastic scattering experiments. Using this information, in
chapter 5, we investigate the role of the noncollective excitations of 208Pb in the reaction of 16O
+ 208Pb system[51]. Since the coupled-channels calculation has not successfully reproduced the
fusion cross sections and the fusion barrier distribution for this system[28], we shall study whether
the noncollective excitations can improve the agreement of the coupled-channels calculation with
the experimental data. Together with the noncollective excitations, the effect of anharmonicity is
also investigated, as the first excited state of 208Pb, which is the octupole phonon state at 2.615
MeV, has been found to have a finite quadrupole moment[52, 53, 54]. The energy dependence of
the Q-value distribution is also investigated including the noncollective excitations. Although the
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agreement of the calculation with the experimental data is not improved for the fusion reaction,
the effect of the noncollective excitations has been found to small. On the other hand, the energy
dependence of the calculated Q-value distribution agrees with that of the experimental Q-value
distribution in a qualitative way. At the end of this chapter, we investigate the dependence of the
effect of the noncollective excitations on the mass number of the projectile nucleus. We present the
fusion calculations for 32S + 208Pb and 40Ca + 208Pb systems and show that the noncollective effect
increases as the mass number of the projectile increases.
In chapter 6, we investigate the role of noncollective excitations in 20Ne + 90,92Zr systems. For
90,92Zr nuclei, the information on the noncollective excited states is not sufficiently obtained in
contrast to 208Pb nucleus. Thus, one cannot use the same approach as in the calculation for 16O +
208Pb reaction to describe the coupling to the noncollective excited states. Therefore, we employ the
random matrix model for the description of the noncollective excitations. To see the applicability
of the random matrix model, we first apply the model to 16O + 208Pb reaction, and compare with the
more reliable calculation which uses the experimentally obtained information on the noncollective
states of 208Pb. The obtained results show that the random matrix model can reproduce the results
based on the experimental information. We then apply the model to the 20Ne + 90,92Zr systems.
Using the same parameters in the random matrix model between the two systems, we show that the
noncollective excitations smear the peak structure of the quasi-elastic barrier distribution for 20Ne +
92Zr system, while for 20Ne + 90Zr system, the noncollective excitations do not change the structure
of the barrier distribution in a significant way. Although the perfect agreement of the quasi-elastic
scattering cross sections with the data is not obtained by the noncollective excitations, we show the
magnitude of the noncollective effect is largely different between 20Ne + 90,92Zr systems, and this
difference originates from the difference in the spectra of 90,92Zr nuclei. We also apply the random
matrix model to other systems which use 90Zr or 92Zr as a target, and verify that the inclusion of the
noncollective excitations of 90,92Zr does not lead to an inconsistency with the experimental data for
these systems. At the end of this chapter, we apply the model to 24Mg + 90,92Zr systems. Since the
24Mg is a prolately deformed nucleus with a large deformation parameter, one can expect that the
barrier distribution for the 24Mg + 90,92Zr systems exhibits a behavior similar to the 20Ne + 90,92Zr
systems. Our results show that this is the case.




In this chapter, a fundamental feature of nuclear excited states is reviewed. One can classify the
nuclear excitations into two classes, that is, collective excitations and noncollective excitations.
Properties and differences of these two kinds of excitations are presented.
2.1 Collective excitations
Collective excitations are understood as a collective motion of nucleons composing a nucleus.
There are two kinds of collective excitations, that is, low-lying collective excitations and giant
resonances. In this section, we review the low-lying collective excitations since they play an im-
portant role in the low-energy heavy-ion reactions. On the other hand, the giant resonances appear
in the energy region of ten to several tens of MeV as a broad resonance. The effect of these high-
lying excited states can be compensated by renormalizing the potential, which will be discussed in
the next chapter.
The most remarkable feature of the collective excitations is a large electromagnetic transition
strength, compared to a single-particle excitation. Let us consider an electric quadrupole transition











B(E2, I + 2→ I). (2.1)
Here, Eγ = Ei − E f is the energy difference of the initial and the final states and B(E2, I + 2→ I) is
called the reduced transition probability. In general, for a transition from a state |i⟩ with spin Ii to a
state | f ⟩ with spin I f , the reduced transition probability is given by
B(Eλ, Ii → I f ) =
1
2Ii + 1
|⟨ f ||Qλ||i⟩|2 , (2.2)
where, Qλ is an electric multipole operator with a multipolarity λ (the E2 transition corresponds to
λ = 2). In order to evaluate the magnitude of B(Eλ)-values, the Weisscopf unit is often used[56]
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where R = 1.2A1/3 (fm) is the radius of the nucleus. This formula is obtained by assuming a tran-
sition of a nucleon between single-particle levels and a constant nucleon wave function extending
inside the radius of R. Thus the comparison with this value provides an idea on how collective
the state is. If one considers a transition from a 2+ state to a 0+ state, then the reduced transition








R4 = 30A4/3e2fm4. (2.4)
Experimentally obtained B(E2) values from the first 2+ state to the ground state are plotted in
Fig.2.1 for various even-even nuclei in the Weisscopf unit[57]. One can notice that all the values
are greater than one, and quite large for nuclei in the region of 140 ≲ A ≲ 180 and A ≳ 230. Nuclei
in these region are known to be deformed, and thus the first 2+ state is a rotational state. Reflecting
the collective character of these states, the transition probabilities have a large value.
A characteristic feature of the collective states is also found from their appearance in nuclear
spectrum. Typical nuclear spectra for vibrational and rotational levels are shown in Figs. 2.2 and
2.3, respectively. In Fig.2.2, the first 2+ state and the triplet states of 0+, 2+, 4+ appear in 106Pd and
114Cd in nearly equi-distance. In Fig.2.3, states with even spin (I = 0, 2, 4, · · · ) regularly appear
according to the EI ∝ I(I + 1) law. In the following, we explain how the regularity of these states
arises from the vibrational or rotational properties of the nuclei.
Let us first consider a surface vibration of even-even spherical nuclei in a liquid drop model[55].
One can expand the distance R(θ, ϕ) from the center-of-mass of the nucleus to a surface point at
angle (θ, ϕ) direction by spherical harmonics as





where αλµ is the expansion coefficient. In the liquid drop model, the surface vibration is described














Here, the dot means the differentiation with respect to time. The first term represents the kinetic
energy of the vibrational motion and the second term represents the potential energy associated
with the deviation of the nuclear shape from sphere. Since this is a Hamiltonian for a harmonic
10
Figure 2.1: B(E2) value for various even-even nuclei. The B(E2) values are measured in the
Weisscopf unit. Taken from Ref. [57].

















λµ and bλµ are the creation and annihilation operators of a phonon with
angular momentum λ, µ. They satisfy the following commutation relations
[bλµ, b
†
λ′µ′] = δλλ′δµµ′ , (2.8)
[bλµ, bλ′µ′] = 0, (2.9)
[b†λµ, b
†

















































Figure 2.3: Rotational levels.
The first excited state is obtained by creating a phonon in the vacuum |0⟩
b†λµ|0⟩. (2.11)
The energy of this state is ℏωλ and the spin and the parity are given by λ and (−1)λ, respectively.
For λ = 2, the spin-parity of the first excited state is 2+ for even-even nuclei, in which the ground
state has 0+. The second excited states are then obtained by creating a phonon on the first excited
state. Again, let us consider the case of λ = 2. The second excited state with angular momentum










From (2.10) and a property of Clebsch-Gordan coefficients
⟨2µ12µ2|IM⟩ = (−1)−I⟨2µ22µ1|IM⟩, (2.13)
one can show that only the states with I = 0, 2, 4 are realizable and all of the three states are
degenerated with the energy 2ℏω2. From this consideration, the excited states shown in Fig.2.2 are
understood as the quadrupole phonon states, while the triplet of the double phonon states are split
up a little. This split of the spectra indicates the deviation from a pure harmonic oscillator.
In the collective model, one can relate the B(Eλ) to the deformation parameter. As we will see
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The reduced transition probability from Ii = 0 to I f = λ then becomes
B(Eλ, 0→ λ) = |⟨λ||Qλ||0⟩|2








Thus, one can estimate the deformation parameter from the B(Eλ), and vice versa.
Next, let us consider a nucleus whose ground state is deformed. Since the quadrupole (λ = 2)
degree of freedom is the most important in many cases, we consider the quadrupole deformation.
Instead of using the original variables αλµ, it is possible to choose the three Euler angles Ω and





as independent variables. Here, Dλµµ′ is the Wigner’s D-matrix. Among five a2µ, one can adopt a20
and a22 as the independent variables by setting the coordinate axes to coincide with the principal













This means that the potential energy is minimum at the finite deformation parameters a020 and a
0
22.
Instead of using a020 and a
0
22, it is a convention to use β and γ defined by







Using these variables, the kinetic term of the Hamiltonian is written as















Here, Jk is the moment of inertia and is given by







ωk is the angular velocity and is given by the time derivative of the Euler angles. Trot and Tvib
describe the rotational and the vibrational motions, respectively, and they are coupled through Jk
with each other. Using the angular momentum operators around the body-fixed axes Îk(k = 1, 2, 3),











Let us assume the axial symmetry for the ground state, that is, the potential is minimum at β = β0








to the zeroth order. Here, J0 = J1(β0, 0) = J2(β0, 0), and the coupling of the vibration and the




vibration and the rotation, the eigenvalues of Î2 and Î3 are the good quantum numbers because
the Hamiltonian, Î2, and Î3 commute with each other. For states with the eigenvalue of Î3 being
zero (for the ground state band and the β-band), the vibration and the rotation decouples. In this
case, one can separately solve the vibrational motion and the rotational motion, and the energy






I(I + 1) (2.27)
I = 0, 2, 4, · · · .
The states with odd angular momentum (I = 1, 3, 5, · · · ) are excluded due to the reflection symme-
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I(I + 1), (I = 0, 2, 4, · · · ), and especially for (nβ = 0, nγ = 0), the band is called the
ground state band. Fig. 2.3 shows the examples of the ground state band.
2.2 Noncollective excitations
As we have seen, the liquid drop model accounts for the collective excitations of a nucleus. On
the other hand, the independent particle picture also accounts for various properties of nuclei such
as the appearance of the magic numbers. In this picture, nucleons move in a mean field potential
produced by themselves. Each nucleon fills a single-particle orbit according to the Pauli principle,
and the excited states are obtained by exciting nucleons below the fermi level to levels above the
fermi level. Based on this picture, the Tamm-Dancoff method (TDA) describes the nuclear excited








where |HF⟩ is the ground state in the mean field approximation[55]. a†p creates a nucleon above the
fermi level(particle state) and ah annihilates a nucleon below the fermi level(hole state). Cνph is the
expansion coefficient. By substituting the expansion into the Schrödinger equation, one can obtain
the secular equation which determines the coefficient Cνph. However, the TDA has a drawback
that the correlations due to the residual interaction are not taken into account in the ground state,
although they are included in the excited states. The random phase approximation(RPA) overcomes
this drawback by introducing the correlations into the ground state. In the RPA, the ground state
|RPA⟩ and the excited states |ν⟩ are given by
Qν|RPA⟩ = 0 (2.30)
|ν⟩ = Q†ν |RPA⟩ (2.31)

















pah which are also present in the TDA, there are other terms∑
ph Yνpha
†
hap which introduce the correlations into the ground state. The coefficients X
ν and Yν are













δpp′δhh′ + vph′hp′ (2.34)
Bph,p′h′ = vpp′hh′ , (2.35)
where v is the nucleon-nucleon interaction, and ϵn is the energy of the single-particle state a
†
n|HF⟩.
In this description, the collective excitations appear as the states in which the coefficients Xνph for
many p-h pairs have the same sign, that is, many p-h pairs coherently add up to make the collective
states. On the other hand, there appear a large number of noncollective(single-particle) states where
Xph ≈ 1 for a particular p-h pair. If one calculates the strength distribution in RPA, large strengths
are found for the low-lying collective states as well as the giant resonances, while the single-particle
excited states have smaller strengths.
In Fig. 2.4, we show the energy spectrum for 208Pb nucleus [42], and in Table 2.1, the reduced
transition probabilities of the first ten excited states of 208Pb are shown with its excitation energy
and the spin-parity. These are shown in the Weisscopf unit and are evaluated from the deformation
parameter obtained in the analysis of the high precision proton inelastic scattering experiment[42].
One can see that some excited states, such as 3− state at 2.615 MeV, have a large B(Eλ)-value and
thus can be considered as the collective phonon states. On the other hand, the excited states with
small B(Eλ)-value are considered to be the noncollective excited states. As the excitation energy
increases, the number of the noncollective excited states increases exponentially. We have indicated
the 3− state at 2.615 MeV by the red line in the figure. For this octupole phonon state, candidates
for the double phonon multiplet have been identified[58, 59, 60, 61, 62] and are also indicated by
the red lines around 5.2 MeV. The spectra of noncollective states do not show the regularity as in
the case of collective states. However, some statistical quantities, such as the nearest neighboring


























Figure 2.4: Energy spectrum of 208Pb nu-
cleus. The single- and the double- octupole
phonon states are shown by the red lines
and other excited states are show by the blue
lines. The data is taken from[42].
ϵ (MeV) λπ B(Eλ)/BW(Eλ)
2.615 3− 286.71 ∗









Table 2.1: Reduced transition probabilities
of the first ten excited states of 208Pb eval-
uated from the deformation parameters[42].
They are shown in the Weisscopf unit. The
stars (∗) indicate those states that are consid-




In this chapter, a theoretical framework which we employ in this thesis for the description of heavy-
ion reactions, that is, the coupled-channels method is detailed. After introducing the concept of
barrier distribution for fusion and quasi-elastic scattering, the effects of collective excitations on
the barrier distributions are presented.
3.1 Coupled-channels equations
The coupled-channels method describes the coupling of the relative motion to the intrinsic de-
grees of freedom of the colliding nuclei, that is, the excitations during the scattering process. The
coupled-channels method assumes the following Hamiltonian
H = − ℏ
2
2µ
∇2 + V0(r) + H0(ξ) + Vcoup(r, ξ), (3.1)
where r is the coordinate for the relative motion between the projectile and the target nuclei, and
µ is the reduced mass. H0(ξ) is the intrinsic Hamiltonian, and ξ represents the internal degrees of
freedom. V0(r) is the optical potential for the relative motion. This includes an imaginary part to
represent the loss of flux from the considered model space. Vcoup(r, ξ) is the coupling Hamiltonian





fλ(r)Yλ(r̂) · Tλ(ξ), (3.2)
where, the dot represents a scalar product. The monopole term (λ = 0) in the interaction is assumed






f αλ (r)Yλ(r̂) · Tαλ (ξ), it does not alter the following discussion. Thus, we adopt
the expansion (3.2) here for simplicity. Let ϵnI and ϕnI(ξ) be the eigenvalues and the eigenfunctions
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of H0(ξ) with the spin I, respectively, that is,
H0(ξ)ϕnI(ξ) = ϵnIϕnI(ξ). (3.3)
Here, n represents any quantum number besides the angular momentum. Since the total angular
momentum and its z component are good quantum numbers, we consider a wave function whose
total angular momentum is J and its z component is M, and denote it by ΨJM(r, ξ). We construct a






⟨ℓmℓImI |JM⟩Yℓmℓ(r̂)ϕnImI (ξ). (3.4)









By substituting this expansion to the Schrödinger equation for ΨJM(r, ξ)
HΨJM(r, ξ) = EΨJM(r, ξ) (3.6)
and taking an inner product with
[
Yℓ(r̂)ϕnI(ξ)





























(2ℓ′ + 1)(2λ + 1)
4π
⟨ℓ′0λ0|ℓ0⟩W(Jℓ′Iλ; I′ℓ)⟨ϕnI ||Tλ||ϕn′I′⟩ (3.9)
is a coupling matrix element which induces the excitations during the collision. In this expression,
W(abcd; e f ) represents the Racah coefficient and the reduced matrix element is defined by
⟨ j′m′|Tkq| jm⟩ =
1√
2 j′ + 1
⟨ jmkq| j′m′⟩⟨ j′||Tk|| j⟩. (3.10)












for r → ∞, together with the regularity at the origin. Here, knI =
√
2µ(E − ϵnI)/ℏ2 is the wave
number for the channel (n, I), and the index i represents the entrance channel. S JnℓI,niℓiIi is the
nuclear S -matrix, and H(−)ℓ (knIr) and H
(+)
ℓ (knIr) are the incoming and the outgoing Coulomb wave
functions, respectively. For each intrinsic channel with (n, I), one has to consider subchannels with
different ℓ whose coupling with I yields J. Compared to the number of intrinsic states considered,
the dimension of the coupled-channels equations is large.
3.2 Iso-centrifugal approximation
One can reduce the dimension of the coupled-channels equations by introducing the iso-centrifugal
approximation [30, 31, 32, 33, 34, 35, 36, 37, 38, 39]. In this approximation, the orbital angular
momentum ℓ is replaced by the total angular momentum J, that is,
ℓ(ℓ + 1)ℏ2
2µr2




This procedure corresponds to neglecting the change of the orbital angular momentum during the

























fλ(r) ⟨ϕnI0 |Tλ0| ϕn′I′0⟩ ūJn′I′(r). (3.15)
In deriving this expression, the following formula is used[63]∑
f
√
(2e + 1)(2 f + 1)W(abcd; e f )⟨b0d0| f 0⟩⟨a0 f 0|c0⟩ = ⟨a0b0|e0⟩⟨e0d0|c0⟩. (3.16)
The coupled-channels equations (3.15) have the same form as that for a spin-zero system whose











This states that the iso-centrifugal approximation corresponds to considering a scattering in the
rotating frame where the z axis points at each instant along the separation vector, which is schemat-
ically represented in Fig.3.1. Notice that the direction of the z-axis is time-dependent in this picture.
20
Figure 3.1: The angles in the original coordinate systems(left), and those in the iso-centrifugal
approximations(right).









J (knIr) as r → ∞. (3.18)
The fusion cross sections are identified with the absorption cross sections and are calculated from


























ei[σJ(E)+σJ(E−ϵnI )](2J + 1)PJ(cosθ)(S JnI,niIi − δn,niδI,Ii) (3.21)
+ fC(θ)δn,niδI,Ii ,
where σJ(E) and fC(θ) are the Coulomb phase shift and the Coulomb scattering amplitude, respec-
tively. The quasi-elastic scattering cross section is then defined by the sum of the elastic and the









The iso-centrifugal approximation has been found to be a good approximation for heavy-ion
reactions [34]. In order to see the validity of this approximation, we consider the fusion reaction of
24Mg + 90Zr system. We take into account rotational excitations of 24Mg up to the 4+ state with the
excitation energy ϵ2 = 1.37 MeV and the deformation parameter β2 = 0.505. In this case, for J ≥ 4,































































Mg) = 1.37 MeV
Figure 3.2: Fusion cross sections and fusion barrier distribution for 24Mg + 90Zr system. Fig. 3.2(a)
and 3.2(b) show the fusion cross section in the linear and logarithmic scales, respectively and Fig.
3.2(c) represents the fusion barrier distribution. The red dashed lines represent the result in the full
angular coupling while the blue solid lines represent the result in the iso-centrifugal approximation.
[(I, ℓ) = (0, J), (2, J), (4, J), (2, J ± 2), (4, J), (4, J ± 2), (4, J ± 4)], while it reduces to 3 [I = 0, 2, 4]
in the iso-centrifugal approximation. If one takes into account two more rotational states up to the
8+ state, the number of the coupled-channels equations in the full angular coupling becomes 25.
In Fig.3.2, we show the result of numerical calculation. The solid blue lines and the red dashed
lines show the result with and without the iso-centrifugal approximation, respectively. Fig.3.2(a)
and (b) show the fusion cross section in the linear and logarithmic scales, respectively and Fig.3.2(c)
represents the fusion barrier distribution defined in Sec.3.4. Although one can observe some dis-
crepancy between the two calculations for fusion cross sections above the barrier and the fusion
barrier distribution, the difference is rather small. This comparison shows the validity of the iso-
centrifugal approximation.
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3.3 Sudden tunneling limit
We have now obtained the coupled-channels equations to be solved. In the following, we shall see
the consequence of the channel coupling. First we consider the case where the excitation energies
are neglected. We assume that only a single mode with λ in the coupling Hamiltonian is involved
for simplicity. In this case, one can diagonalize the coupling matrix with a coordinate independent
matrix and decouple the coupled-channels equations. The approximation neglecting the excitation
energies is referred to as the sudden tunneling approximation and corresponds to assuming that the
tunneling process occurs much faster than the internal motion of the colliding nuclei. Here, we
show that the coupled-channels equations are decoupled in this limit and the concept of the barrier
distributions naturally appears.

















fλ(r) ⟨ϕn |Tλ0| ϕn′⟩ uJn′(r), (3.23)







with a coordinate independent matrix U which diagonalizes the matrix ⟨ϕn|Tλ0|ϕm⟩, that is,
U†VU = diag {λ1(r), λ2(r), · · · , λN(r)} . (3.25)
Here, N stands for the dimension of the coupled-channels equations. Each eigenvalue of V is given




⟨ϕn|Tλ0|ϕm⟩ and fλ(r). The coupled-channels









+ V0(r) + λα(r) − E
]
vJα(r) = 0. (3.26)





n(r). We call the channel α in this representation
an eigenchannel and the potential barrier given by V(r) + λα(r) an eigenbarrier. The boundary



























because it equals to unity in the sudden tunneling






S Jnni . (3.29)







nni and summing over
α, one can show ∑
n
∣∣∣S Jnni ∣∣∣2 =∑
α
∣∣∣Uniα∣∣∣2 ∣∣∣S̃ Jαni ∣∣∣2 . (3.30)







































e2iσJ (2J + 1)PJ(cosθ)
(
S Jαni − 1
)
+ fC(θ). (3.35)













∣∣∣ f̃α(θ)∣∣∣2 . (3.36)
From these expressions, one can see that both the fusion cross sections and the quasi-elastic cross
sections are given by the weighted sum of the cross sections over the eigenchannels in the sud-
den tunneling limit. Some eigenchannels have the barrier lower than the original Coulomb barrier,
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and the others have higher ones. This leads to the concept of the barrier distribution for the fu-
sion reaction and the quasi-elastic scattering. In the following section, we explain how the barrier
distribution is extracted from experimental fusion and quasi-elastic cross sections.
3.4 Barrier distribution method
In order to get further understanding of the experimental data for heavy-ion reactions, Rowley,
Satchler, and Stelson introduced a method to extract distribution of barriers directly from the ex-
perimental fusion cross sections[6]. To illustrate the method, let us consider the classical expression








θ(E − VB), (3.37)
where VB is the Coulomb barrier height and RB is the barrier radius, that is V(r = RB) = VB. θ(x) is
the step function. For a derivation of this equation, see Appendix A. From this expression, one can





= θ(E − VB), (3.38)
and the derivative of the penetrability gives a delta function which has a peak at E = VB. In
quantum mechanics, the quantum tunneling effect smears the delta function. For example, if one
approximates the potential barrier by a parabolic potential, V(r) ≈ VB −
1
2
µΩ2(r − RB)2, the fusion






1 + exp [(2π/ℏΩ)(E − VB)]
}
, (3.39)











where x = (2π/ℏΩ)(E − VB). This quantity is called the fusion barrier distribution and has a peak
at E = VB. We show in Fig. 3.3 the fusion cross sections and the fusion barrier distribution of the
Wong formula for 20Ne + 90Zr system. The height, position, and curvature of the Coulomb barrier
are VB = 52.0 MeV, RB = 10.4 fm, and ℏΩ = 4.05 MeV, respectively. For comparison, the classical
fusion cross sections are also shown by the dotted line. The width of the barrier distribution is
related to the curvature of the parabola, that is, the full width half maxima(FWHM) is given by
0.56ℏΩ. For the detail, see appendix A.
In the previous section, we have seen that the fusion cross sections are give by the weighted











































Figure 3.3: The upper panel: Fusion cross sec-
tions for 20Ne + 90Zr system from the Wong
formula (the red solid line). The black dotted
line is the classical fusion cross sections. The
lower panel: Corresponding fusion barrier dis-
tribution defined by Eq. (3.40).















Each term in the sum has a peak at the position of the eigenbarrier, and the Dfus(E) is given by the
weighted sum of them. Thus, the Dfus(E) represents a distribution of eigenbarriers and is called fu-
sion barrier distribution. Rowley et al. proposed that one can extract the fusion barrier distribution
from measured fusion cross sections σfus(E)[6]. Compared to the fusion cross sections themselves,
the fusion barrier distribution more clearly indicates the effect of the coupling. In fact, it can serve
for the determination of deformation parameters[12]. Note that although the fusion cross section
contains the contributions from all partial waves, the differentiation of it gives the penetrability of
the potential for s-wave as can be seen from Eq. (3.38).
In the actual calculation of the fusion barrier distribution from the fusion cross sections, one
replaces the differentiation with finite difference, that is, the value of the barrier distribution at
26














where (Eσfus)i are evaluated at energies Ei. If one uses equal energy intervals ∆E = (E2 − E1) =





















The value of ∆E is usually taken about 2 MeV in the center-of-mass frame. For calculations
presented in this thesis, ∆E = 2 MeV is always adopted.
A similar concept has been also applied to the quasi-elastic scattering [7, 8]. As in the case of
fusion reaction, let us first consider the classical expression for scattering. In the limit of the strong
Coulomb field, the elastic scattering cross section at θ = π is given by
σclel(E, π) = σR(E, π)θ(VB − E), (3.45)
where σR(E, θ) is the Rutherford cross section. Thus, σclel(E, π)/σR(E, π) equals to θ(VB − E) and
this corresponds to the reflection probability. By differentiating it with respect to energy, one gets
Dqel(E, π) = −
d(σqel(E, π)/σR(E, π))
dE
= δ(E − VB). (3.46)
Since in the sudden tunneling limit, the quasi-elastic cross sections are represented by the weighted
sum of the elastic cross sections over the eigenchannels as in the fusion case, Dqel(E, π) also gives
the distribution of eigenbarriers. Although the discussion here assumed a strong Coulomb field
in the scattering, the nuclear effect has to be taken into account for realistic systems. In fact, the
elastic cross section deviates from the Rutherford cross section as the incident energy increases (cf.
Fig. 1.1). Nevertheless, the quasi-elastic barrier distribution exhibits a similar behavior to the fusion
barrier distribution, although the quasi-elastic barrier distribution is usually more smeared[7, 8, 10].
In Fig. 3.4, we show the comparison of the fusion and the quasi-elastic barrier distributions for
24Mg + 90Zr system. The red solid line represents the fusion barrier distribution and the blue
dashed line represents the quasi-elastic barrier distribution. The upper panel is for the calculation
without channel coupling and the lower panel is for the calculation which includes the rotational
excitations of 24Mg up to 4+ state. All of the barrier distributions are normalized to unit area in the
energy interval between 50 and 75 MeV. One can see that the quasi-elastic barrier distribution of the










































Figure 3.4: Comparison of the fusion(the red solid line) and
the quasi-elastic(the blue dashed line) barrier distributions
for 24Mg + 90Zr system. They are normalized to unity if
integrated over the energy.
is, it possesses a moderate tail at the lower energy side. However, the behavior of the both barrier
distributions is quite similar, while the peaks in the quasi-elastic barrier distribution are somewhat
smaller than those of the fusion case. In evaluating the quasi-elastic barrier distribution, we replace
the differentiation by finite difference as in the fusion barrier distribution. The energy interval ∆E
is taken to be 2 MeV in our calculations in this thesis.
In actual experiments, detection of the scattered particle at θ = π is impossible. However, one
can correct the effect of the difference in the detection angles by subtracting the centrifugal energy
from the incident energy. Estimating the centrifugal potential at the Coulomb turning point rc, the
effective energy is given by






1 + sin θ2
, (3.47)
where, λc = ηcot
θ
2








While one has to take a second derivative of Eσfus to extract the fusion barrier distribution,
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one can get the quasi-elastic barrier distribution by differentiating σqel/σR one time. As mentioned
above, the scattering angle is classically related to the orbital angular momentum. Therefore, by
choosing the scattering at θ = π, one can attain the penetrability for s-wave without differentiation.
We have introduced the barrier distribution method based on the eigenchannel representation in
the sudden tunneling limit. However, the concept of the barrier distribution has been found to be
valid even if the finite excitation energy is taken into account. In that case, the weight factors in the
eigenchannel representation become energy dependent and change slowly with the energy[65].
3.5 Constant coupling approximation
In the previous section, we have seen that the eigenchannel representation in the sudden tunneling
limit leads to the barrier distribution method. The eigenchannel representation can be introduced
also when the coupling matrix is coordinate independent. This approximation is called a constant




















f 0λ ⟨ϕn |Tλ0| ϕm⟩
 uJm(r), (3.48)
where, f 0λ is a constant. One can diagonalize the matrix






f 0λ ⟨ϕn |Tλ0| ϕm⟩ (3.49)
with a coordinate independent matrix as in the case of the sudden tunneling limit, and the fusion
and the quasi-elastic cross sections are given by the weighted sum of the cross sections over the
eigenchannels.
3.6 Coupling to collective states
In this section, coupling effects to collective excited states are reviewed.
3.6.1 Vibrational coupling
First we consider the vibrational coupling for a projectile nucleus. As seen in chapter 2, in the







In the following discussion, we consider a particular mode λ. The Hamiltonian for the vibration is











Cλ/Bλ, and the zero-point energy is removed. The creation and the annihilation










The deformation parameter for the vibration with λ is defined by the square root of the amplitude
of the zero-point vibration, that is,
β2λ = ⟨nλ = 0|
∑
µ
α†λµαλµ|nλ = 0⟩ (3.53)












The nuclear potential between the colliding nuclei is given by a function of the distance between
the nuclear surface points on a line connecting the center of each nucleus. For spherical nuclei with
the radius RT and RP, the distance is given by r − RT − RP. If one takes into account the coupling of
the projectile, the nuclear potential is obtained by replacing r − RT − RP by r − RT − RP − RPαλ · Yλ,
that is, the nuclear potential VN(r) is replaced by VN(r − RPαλ · Yλ(r̂)). In order to extract a form
factor of the coupling Hamiltonian, let us assume that the βλ is small and expand the potential up
to the first order term with respect to βλ (the linear coupling approximation)
VN (r − RPαλ · Yλ(r̂)) ≈ VN(r) − RP
dVN(r)
dr
αλ · Yλ(r̂). (3.56)
The second term gives the nuclear part of the coupling Hamiltonian.
Next we consider the Coulomb part of the coupling Hamiltonian. Let us denote the density of






|r − r′| ρP(r
′) (3.57)
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for r larger than the range of ρP(r). By using the expansion formula
1





























Assuming a sharp distribution for ρP(r), that is,



















αλ · Yλ(r̂), (3.63)
and the second term gives the Coulomb part of the coupling Hamiltonian.
Combining the nuclear and the Coulomb potentials, the coupling Hamiltonian is given by
Vcoup(r, αλµ) = fλ(r)αλ · Yλ(r̂) (3.64)











Under the iso-centrifugal approximation, Vcoup becomes






λ0 + bλ0). (3.66)
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One can see that the form factor is proportional to the charge product. Therefore, the coupling
strength is effectively stronger for systems which have a larger charge product.
Although the coupled-channels equations (3.15) use the basis where the intrinsic spin I is a
good quantum number, it is more efficient to work in another basis for the vibrational excitations




and these states span the (2λ + 1)-dimensional subspace. Among them, only a state b†λ0|0⟩
can be excited from the ground state by Vcoup given in (3.66). Thus, it is sufficient to take into
account only one channel for 1-phonon states.








. For λ = 2 case, the possible
values of I are 0, 2, and 4, and the states (0+, 2+, 4+) form a triplet with the same excitation energy.
















. Among them, in the iso-centrifugal approximation,
only the state b†λ0b
†
λ0|0⟩ can be excited from the 1-phonon state b
†
λ0|0⟩ by Vcoup. Thus, it is sufficient
to take into account only one channel for 2-phonon states. One can progress this discussion to
n-phonon states, and will find that only one channel is necessary to represent n-phonon states in







































if one truncates the space up to the 2-phonon channel.
As an example of the vibrational coupling, we show in Fig. 3.5 the calculation of the fusion
reaction for 32S + 90Zr system. Figs.3.5(a) and 3.5(b) show the fusion cross sections in the linear and
logarithmic scales, respectively. Fig.3.5(c) shows the fusion barrier distribution. The black dotted





































































S) = 2.23 MeV
Figure 3.5: Fusion cross sections and fusion barrier distribution for 32S + 90Zr system. The black
dotted lines show the calculation without the channel coupling, the red solid lines take into account
the vibrational excitation of 32S up to the 1-phonon state, and the blue solid lines take into account
the vibrational excitations up to the 2-phonon state.
quadrupole excitations of 32S up to the one-phonon state, and the blue solid lines includes up to
the two-phonon state. The excitation energy and the deformation parameter of the 2+ state of 32S
are ϵ2 = 2.23 MeV and β2 = 0.32, respectively. These calculations include the contribution from
all order terms in β2 in the nuclear coupling (See Sec.3.7). In the absence of the coupling, the
barrier distribution shows a single peak at the Coulomb barrier (VB = 82.5 MeV). One can see that
by including the coupling, the subbarrier fusion cross sections are enhanced (Fig. 3.5(b)), and the
potential barrier distributes in energy. In the case the vibrational coupling, the lower barrier is taller
than the higher one.
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3.6.2 Rotational coupling
We next consider the rotational excitations of a deformed nucleus. For the deformation, we take
into account the quadrupole (λ = 2) deformation and the hexadecapole (λ = 4) deformation of the
projectile. The nuclear radius is then represented as
R(θ, ϕ) = RP (1 + α2 · Y2(r̂) + α4 · Y4(r̂)) . (3.71)
In the intrinsic system (the body-fixed frame), the radius is expressed as
R(θ′, ϕ′) = RP
(
1 + a2 · Y2(r̂′) + a4 · Y4(r̂′)
)
, (3.72)






Here, Ω = (ϕi, θi, χi) is the Euler angle between r̂ and r̂′(see Fig.3.1). In the axially symmetric case,
the nuclear radius is often represented as
R(θ′, ϕ′) = RP
(
1 + β2Y20(r̂′) + β4Y40(r̂′)
)
. (3.74)
For the quadrupole deformation, as we have introduced in section 2, a2µ are parametrized as
a20 = β2cosγ2 (3.75)
a21 = a2−1 = 0 (3.76)





We have added the suffix 2 to represent the quadrupole degree of freedom, and γ2 = 0 and γ2 = π/3
correspond to axially symmetric deformation with prolate shape and oblate shape, respectively.
Since the oblate shape is also represented by negative β2 with γ2 = 0, axially symmetric defor-
mation is described only by β2. Similar parametrization is also possible for a4µ[67]. Due to the
reflection symmetry with respect to the (x − y), (y − z), and (z − x)-planes, only a40, a42, and a44 are



























with β4 ≥ 0, 0 ≤ δ4 ≤ π, and 0 ≤ γ4 ≤ π/3. The β4 represents the magnitude of the hex-
adecapole deformation, and δ4 and γ4 describe the non-axiality. Axial symmetry corresponds to(










, and the latter is the same shape
as the case with negative β4 and (γ4 = 0, δ4 = cos−1
√
7/12). Thus, by allowing β4 to be negative,
the axially symmetric shape can be described solely by a40 = β4. The nuclear part of the coupling
Hamiltonian for axially symmetric deformation is then given by

















in the linear coupling approximation.
While the form factor for the Coulomb part of the coupling Hamiltonian has already been
obtained in the previous subsection up to the first order in βλ, we consider here the second order
terms with respect to λ = 2, which are included in the actual calculations. The second order term








⟨2020|λ0⟩ [α2α2](λµ) , (3.82)





























⟨2020|40⟩ [α2α2](4) · Y4(r̂). (3.83)

































In the iso-centrifugal approximation, this becomes

































































to the first order in βλ, if one truncates up to 4+ state in the rotational band. In Eq.(3.87), r̂i = (θi, ϕi)
is a part of the Euler angles which coincides with the angles of the separation vector in the intrinsic
frame r̂ = (θ′, ϕ′) under the iso-centrifugal approximation.
We show in Figs. 3.6 and 3.7 the examples of the rotational coupling for 24Mg + 90Zr and 28Si
+ 92Zr systems. The dotted lines are the single channel calculation, the red solid lines take into
account the rotational 2+ state, and the blue solid lines take into account the 4+ state in addition
to the 2+ state. For 24Mg + 90Zr system, the rotational states of 24Mg with the excitation energy
ϵ2 = 1.37 MeV and the deformation parameter β2 = 0.505 are included, that is, the rotational
excitations associated with a prolate deformation. For 28Si + 92Zr reaction, the rotational states
of 28Si with ϵ2=1.78 MeV and β2= -0.407 are included, that is, the rotational excitations with an
oblate deformation. One can see the enhancement of the subbarrier fusion cross sections due to the
channel coupling as in the case of the vibrational coupling. For 24Mg + 90Zr system, the higher
peak in the barrier distribution is taller than the lower one, while for 28Si + 92Zr system, the lower
one is taller than the higher one.
3.6.3 Adiabatic potential renormalization
In this section, we consider a coupling to high-lying excited states. The effects of these high-lying
states can be compensated by renormalizing the internuclear potential[40]. To understand this, we
consider a two-level model where the coupling Hamiltonian is given by
(Vnm + ϵnδnm) =
 0 ff ϵ
 , (3.89)













































































Mg) = 1.37 MeV
Figure 3.6: Fusion cross sections and fusion bar-
rier distribution for 24Mg + 90Zr system. The



































































Si) = 1.78 MeV
Figure 3.7: Fusion cross sections and fusion
barrier distribution for 28Si + 92Zr system.The
meaning of each line is similar to that in Fig.3.5.







1 + 4g2 ∓ 1
±
√√
1 + 4g2 ± 1
 , (3.91)







If ϵ is large, that is, if g ≪ 1, then w+ ≪ 1 and w− ≈ 1. Thus, only the lower barrier (the
adiabatic potential) is important in this limit. Therefore, the effect of the high-lying states can be
effectively taken into account by using the adiabatic potential. This fact is called the adiabatic



































































Figure 3.8: The fusion cross sections and the fusion barrier distribution for 16O + 144Sm system.
The black solid lines do not include the octupole phonon state of 16O at 6.13 MeV. The red solid
lines include this state, and the red dashed lines are obtained by shifting the red solid lines by 2
MeV toward a higher energy side.
of the intrinsic motion is larger than that of the relative motion. In this case, the energy of the
whole system is minimized for each separation of the projectile and the target, that is, the reaction
proceeds along the valley of the energy surface. This effectively lowers the potential barrier.
In Fig. 3.8, we show the result of the fusion calculation for 16O + 144Sm system as concrete
example of the potential renormalization. For 16O, the first excited state is a 3− state with high
excitation energy of 6.13 MeV. The black solid lines in the figure do not include this octupole
phonon state but include only the quadrupole and octupole phonons in 144Sm. On the other hand,
the red solid lines include the 3− state in 16O in addition to the excited states in 144Sm. One can
see that the two barrier distributions exhibit similar behavior except for the position of the centroid.
In fact, by shifting the red solid lines toward the higher energy side by 2 MeV, one obtains the red
38
dashed lines and it shows almost the same structure as the black one, although the peak height is
somewhat enhanced.
3.7 Full order coupling
In the previous sections, the coupling matrices for nuclear coupling are calculated up to the linear
order in βλ for the illustration purpose. However, in the actual calculations, the all order terms are
included. This can be done as follows.
In the presence of the coupling, the radius parameter in the potential is replaced as
R0 → R0 + Ô, (3.93)
where Ô is given by
Ô = β2RPY20 + β4RPY40 (3.94)











for the vibrational coupling. We first find the eigenvalues and eigenvectors of Ô, that is,
Ô|α⟩ = λα|α⟩. (3.96)
This is equivalent to diagonalize the matrix Onm = ⟨n|Ô|m⟩, where |n⟩ is an eigenstate of H0. Then
the coupling matrix element is calculated as




⟨n|α⟩⟨α|m⟩VN(r, λα) − VN(r)δn,m. (3.97)
The validity of the linear coupling approximation is discussed in Ref. [68] and it has been
clarified that the higher order terms significantly improve the agreement with the data. In this
thesis, for quantitative calculations, we work with the full order coupling for collective excitations,




In the 1960’s, Wigner, Mehta, Dyson, Porter, and other people developed statistical studies of
nuclear spectra and developed a random matrix theory. In this chapter, fundamental properties of
the random matrix theory is presented[69, 70].
4.1 Introduction
In the 1930’s, neutron cross sections are measured for heavy even-even nuclei by using slow
neutrons[71, 72]. Typical experimental data are shown in Fig. 4.1[56]. It exhibits many narrow res-
onances whose width is less than 1eV and the energy spacing is about 20eV. Bohr considered that
these resonances are incompatible with the independent particle model and proposed a compound
nucleus model[73]. Fig.4.2 shows the wooden toy model with which he described the idea of a
compound nucleus. This figure shows the situation where a neutron is incident on the assembly of
strongly interacting nucleons. Bohr assumed that the energy of the injected neutron is distributed to
all nucleons, and the thermal equilibrium is realized which is the compound nucleus state. This idea
has been considered to motivate Winger to introduce the random matrix theory (RMT) to nuclear
physics.
Afterwards, the random matrix theory is developed by Wigner, Dyson, Mehta, Porter and other
people, whose works are compiled in Ref. [74]. The RMT has been used to discuss the statistical
properties of spectra of the complex strongly interacting systems. For example, measures of the
fluctuation properties of spectra such as the nearest neighboring spacing of levels (NNS) and ∆3
statistics can be determined by RMT.
In RMT, instead of considering a specific Hamiltonian of a particular system, one considers an
ensemble of Hamiltonians which have the same symmetries, assuming some probability distribu-
tion for the matrix elements. According to the symmetries to be favored, there are several kinds
of ensemble in RMT. In nuclear physics, the gaussian orthogonal ensemble (GOE) is often used
corresponding to the time reversal symmetry. Random matrix theory is applied not only to nuclear
physics but also to other fields[75, 76]. Relation to the quantum chaos is also discussed[77].
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Figure 4.1: Neutron cross sections for 232Th
as a function of neutron energy. Taken from
Ref. [56].
Figure 4.2: Bohr’s Wooden toy model of com-
pound nucleus. Taken from Ref. [73].
4.2 Gaussian orthogonal ensemble(GOE)
Hereafter, we consider assembly of levels with the same spin and the same parity. If a Hamiltonian
is invariant under time reversal transformation, the Hamiltonian matrix can be chosen to be real.
Thus the matrix elements satisfy
Hµν = Hνµ = H∗µν. (4.1)





By assuming that (i) there is no correlation between the matrix elements not connected by the
symmetry and (ii) the ensemble is invariant under the orthogonal transformation, one can obtain








where N0 is a normalization constant, λ is a parameter, and N is a dimension of the matrix space. If
one applies the GOE to experimental data, λ is determined from the mean level density. From the
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From this form, one can deduce the following properties




(δµρδνσ + δµσδνρ), (4.7)
where the overline represents an ensemble average. The first equation means that the ensemble
average of the matrix element is zero, and the second equation states that there is no correlation
between the independent matrix elements. In fact, one can define GOE by a gaussian distribution
function satisfying Eqs. (4.6) and (4.7), instead of the explicit distribution function (4.5).
If one adopts the eigenvalues and eigenvectors of the Hamiltonian as independent variables of














where Eµ is the eigenvalues of the Hamiltonian, θi(i = 1, 2, · · · ,N(N − 1)/2) are the parameters
characterizing the eigenvectors and, h(θi) is a function only of θi. One can see that the distribution
function is written as the product of two parts which respectively depend only on the eigenval-




|Eρ − Eσ| in this expression represents a level repulsion.
4.3 Properties of GOE
In this section, we review on the fundamental properties of GOE, that is, universality and ergodicity.
















for |E| ≤ 2λ
0 for |E| > 2λ
(4.10)
in the limit of N → ∞. This is a half circle and this behavior is called the Wigner’s half circle law.
Since the actual nuclear level density exponentially increases according to the excitation energy,
this behavior is not a physical one. However, this fact is not a problem because in using GOE,
we are not interested in the global properties of the spectrum but in the local properties like the
distribution of level spacing. Local property means the property in the energy scale which can be
ignored compared to 4λ (diameter of the half circle) in the limit of N → ∞. In this energy scale,
the fluctuation properties of the spectrum is universal. That is, even if the ensemble does not have
a gaussian functional form but has another cutoff, the local fluctuation measures are the same as
that of GOE as long as the ensemble is orthogonally invariant and the spectrum appears in a finite
range, while the overall shape of the spectrum is different. Thus, in the limit of N → ∞, the local
fluctuation measures are separated from global properties of the spectrum and are universal[78].
Next we discuss about ergodicity. In GOE, the fluctuation measures are obtained by taking
an ensemble average of certain quantities. However, one may wonder whether it is meaningful
to compare such quantities with the data obtained from physical system which is governed by
a specific Hamiltonian. The ergodicity of GOE gives an answer to this question. Experimentally
obtained spectral data can be used for the calculation of quantities such as the distribution of nearest
neighbouring spacing by averaging over the spectrum. We denote an average of a quantity O over
the spectrum by ⟨O⟩. If O = ⟨O⟩ holds for all members of the ensemble and for all quantities
O describing local fluctuation, one can meaningfully compare the results from GOE and the data.
Although this relation has not been proved, a weaker claim
(O − ⟨O⟩)2 = 0 (4.11)
has been proved, that is, for almost all members of the ensemble, an averages of O over the ensem-
ble and that over the spectrum are the same. This property is call ergodicity.
4.4 Fluctuation measures of GOE
We introduce three famous fluctuation measures of GOE. At first, we introduce the distribution of
nearest neighbouring spacing (NNS) of levels. Although the distribution function cannot be written










Figure 4.3: Comparison of NNS distribution
for GOE and Nuclear Data Ensemble (NDE).
Taken from Ref. [84]. A Poisson distribution is
also shown.
Figure 4.4: Comparison of ∆3 statis-
tics for GOE and NDE. The ∆3 statistics
for GUE (Gaussian Unitary ensemble)
and Poisson distribution are also shown.
Taken from Ref. [85].
where, the parameter s is the level spacing divided by the mean level spacing. For small s, P(s)
is proportional to s, and this indicates a level repulsion. If there is no correlation among levels,
the distribution is given by a Poisson distribution which has a peak at s = 0. The level repulsion
of GOE represents strong correlation among levels. In Fig.4.3, we show the comparison of NNS
distribution from GOE and experimental data. The data is obtained by compiling the data from
neutron resonances and proton resonances, and is called Nuclear Data Ensemble (NDE)[84]. A
Poisson distribution is also shown. One can see that the distribution of GOE reproduces that of
NDE well.








δ(E′ − Eµ). (4.13)







dE′[N(E′) − a − bE′]2
⟩
, (4.14)




(lnL − 0.0678) . (4.15)
Comparison of this quantity from GOE and NDE is given in Fig.4.4. In the figure, the ∆3 statistics
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from the gaussian unitary ensemble (GUE) and the Poisson distribution are also shown. One can
see that the GOE reproduces the data.
Finally, we introduce a Porter-Thomas distribution which corresponds to the distribution of
eigenvectors. Let ψ be the projection of an eigenvector of a Hamiltonian in GOE on to some axis







This distribution is compared with, for instance, the transition probability to a final state of nuclear
levels or the width of the decay to a final state, because these quantities are proportional to the
absolute square of the matrix elements containing the wave function.
4.5 Random matrix theory for deep inelastic collision
In the previous sections, we have reviewed general aspects of RMT. In this section, we review the
application of RMT to deep inelastic collision by Agassi, Ko, and Weidenmüller in the 1970’s[44,
45, 46, 47, 48, 49, 50]. A similar model is employed in Ref. [86] for the study of dissipation in
collective motion of a quantum many-body system.
In the 1970’s, heavy-ion reactions in the energy region of a few million electron volt per nu-
cleon had revealed a new form of reaction not classified either to a direct reaction or to a compound
nucleus reaction. It exhibits large dissipation of the kinetic energy into the energy of intrinsic ex-
citations and is called deep inelastic collision (DIC). Classical models employing a friction force
has been used for the description of DIC. Weidenmüller and his collaborators developed a random
matrix model aiming to describe DIC in a more microscopic point of view. They took advantage
of the complex nature of the highly excited states relevant to DIC, that is, they imposed a statisti-
cal random matrix assumption for the coupling matrix which couples the relative motion and the
intrinsic excitations. Based on RMT, they assumed the following condition for the second moment
of the coupling matrix elements between the intrinsic states |nIM⟩
⟨nIM|Vcoup(r)|n′I′M′⟩⟨n′′I′′M′′|Vcoup(r′)|n′′′I′′′M′′′⟩











(2I + 1)(2I′ + 1)
 I λ I′M µ −M′

 I′ λ I−M′′ µ′ M′′′

× αλ(n, n′; I, I′; r, r′). (4.17)
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Here, the form factor αλ is parameterized as













where ρ(n, I) is a level density with spin I at excitation energy ϵn and f is a some function. The
derivation of Eq. (4.17) is explained in Sec. 6.2. We only mention here that the level density
appears in the denominator of the form factor reflecting the complexity of the excited states. As
the excitation energy increases, the wave function of the excited states becomes more and more
complex and exhibits oscillatory behavior. As a consequence, the overlap of the wave functions
decreases as the excitation energy increases. This feature is represented by the level density in the
form factor. This model was justified in Ref. [46] based on shell-model consideration, from which
the values of the parameters in the model were also estimated.
Instead of solving the coupled-channels equations quantum mechanically, Weidenmüller et al.
reduced the coupled-channels equations to classical transport equations. They first applied the
model to one-dimensional problem [48] and then applied to realistic systems[49, 50]. In Figs. 4.5
and 4.6, their results are shown. Fig. 4.5 shows a comparison of differential cross sections for light
fragments emitted in a 84Kr-induced reaction at various energies. The solid lines show the data
and the dashed lines show their calculation[50]. Fig. 4.6 shows the differential cross section for
209Bi + 136Xe reaction for various atomic number of the fragments. The dots represent the data and
the dashed lines show their calculation[50]. Their calculations qualitatively reproduce the data and
they concluded that the essential part of DIC is well described by their model. We will employ their
model for the study of the role of noncollective excitations in heavy-ion reactions in chapter 7.
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Figure 4.5: Differential cross sections for
the light fragments emitted in 84Kr-induced
reactions. The solid lines show the experi-
mental data and the dashed lines show the
results of the Weidenmüller’s calculation
based on RMT. Taken from Ref. [50].
Figure 4.6: Angular distribution of frag-
ments in the reaction of 136Xe + 209Bi, inte-
grated over the energy of fragments as indi-
cated. ⟨Z⟩ is an atomic number of fragments.
The dots show the data and the dashed lines




Noncollective excitations in 16O + 208Pb
reaction
In this chapter, we discuss the role of noncollective excitation of 208Pb in 16O + 208Pb reaction at
energies around the Coulomb barrier[51]. This system has been extensively studied both experi-
mentally and theoretically. Using the information on the noncollective excited states in 208Pb, we
describe the noncollective excitations in the 16O + 208Pb reaction and investigate their effects on the
reaction observables.
5.1 Current status of 16O + 208Pb reaction
The 16O + 208Pb system has been studied both from the theoretical and experimental sides. The fu-
sion cross sections for this system have been measured at subbarrier and above barrier energies[28],
as well as at deep subbarrier energies[18]. The coupled-channels analysis has also been performed.
Although a careful analysis has been performed by taking into account vibrational excitations in
16O and 208Pb nuclei, the experimental fusion cross sections and fusion barrier distribution have
not been well reproduced theoretically. In Fig. 5.1, we show the fusion cross sections and fusion
barrier distributions for 16O + 208Pb system given in Ref. [28]. The calculated fusion cross sec-
tions and barrier distributions are compared with the experimental data. In these calculations, both
phonon excitations of 208Pb and the transfer coupling is included in the dashed-dashed-solid lines
(denoted as ”FRESCO+tr”). As one can see, the coupled-channels calculation does not simultane-
ously reproduce the fusion cross sections above and below the Coulomb barrier, and overestimates
the height of the main peak in the barrier distribution. Not only fusion experiments, but also the ex-
periments for quasi-elastic scattering have been performed and the quasi-elastic barrier distribution
has been extracted[23, 24, 25, 26]. In addition, the energy dependence of the Q-value distribution is
obtained at subbarrier energies. The experimental data of Ref. [25] for the Q-value distribution has
already been shown in Fig. 1.4. The experimental data show that the contribution from the inelastic
scattering of higher excitation energy (Q-value) becomes more and more important as the incident
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Figure 5.1: Fusion cross sections (upper panel) and fusion barrier distribution (lower pane) for 16O
+ 208Pb system. Taken from Ref. [28]. The dots represent the experimental data, and lines are
the results of the coupled-channels calculation. These calculation includes phonon excitations of
208Pb. The solid lines are calculated by the coupled-channels code CCFULL[41] and the other lines
are calculated by FRESCO[87]. For the dashed-dashed-solid lines, transfer coupling is taken into
account.
energy increases, while at the lowest incident energy, the contribution from the elastic channel is
dominant. As can be seen from the spectrum of 208Pb shown in Fig. 2.4, these higher-lying ex-
citations are noncollective excitations. Since the conventional coupled-channels calculations take
into account only the low-lying collective excitations, they do not yield the Q-value spectra at
higher excitation energies, and thus the behavior of the experimental Q-value distribution cannot
be accounted for by the conventional calculations.
For 208Pb nucleus, the information on the excited states has been obtained from high precision
proton inelastic scattering experiments[42, 43] up to rather high excitation energies. In fact, the
excitation energy, spin, parity and deformation parameter are identified with a DWBA analysis for
almost all excited states up to 7.5 MeV. We can use these information to describe the noncollective
excitations in 16O + 208Pb reaction. In Ref. [88], these information has been used to discuss a
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multistep direct reaction mechanism. In this chapter, by taking into account the noncollective exci-
tations in 16O + 208Pb fusion and quasi-elastic scattering, we investigate whether the noncollective
excitations can improve the agreement of the fusion and quasi-elastic scattering cross sections and
the barrier distribution with the experimental data. We also calculate the energy dependence of the
Q-value distribution and see whether the tendency of the experimental data can be reproduced.
5.2 Results
We now numerically solve the coupled-channels equations for the 16O + 208Pb reaction. For the
coupling to the collective excitations, we take into account the vibrational 3− state at 2.615 MeV,
5− state at 3.198 MeV, and 2+ state at 4.085 MeV in 208Pb (see Table 2.1) as well as the 3− state
at 6.13 MeV in 16O. The deformation parameters are estimated from the measured electromagnetic
transition probabilities, that is, β3(208Pb) = 0.122, β5(208Pb) = 0.058, β2(208Pb) = 0.058, and β3(16O)
= 0.733, together with a radius parameter of r0=1.2 fm. In addition to these collective vibrational
states, we also include 70 noncollective states in 208Pb below 7.382 MeV (see Fig. 2.4), whose
excitation energies, multipolarities, and deformation parameters are taken from the high-resolution
proton inelastic scattering measurements in Ref. [42]. We take into account the mutual excitations
of the 208Pb and the 16O nuclei.
For the nuclear potential, we use the same geometry as that in Ref. [25], where the parameters
were obtained by fitting the coupled-channels calculations to the experimental quasi-elastic scatter-
ing cross sections. This potential has a surface diffuseness parameter of a = 0.671 fm and uses the
radius parameter of R = 8.39 fm. Since our calculation takes into account the 3− state in 16O, that
was not included in Ref. [25], we modify the potential depth from 853 MeV to 550 MeV in order
to compensate the adiabatic potential renormalization (see section 3.6.3) [40]. For the imaginary
part of the potential, we use the Woods-Saxon form with the depth parameter of W = 30 MeV, the
surface diffuseness parameter of aW = 0.8 fm, and the radius parameter of RW = 6.76 fm. For the
form factors of the noncollective couplings, for simplicity we take the same geometry as that for
the collective couplings. For the noncollective excitations, we include only the couplings from the
ground state, and neglect the couplings among the noncollective excitations as well as the couplings
between the collective and the noncollective states.
5.2.1 Single phonon calculation
We first show the results for the calculation that takes into account only the single octupole phonon
state in the 208Pb together with the other collective and the noncollective states. In this case, the
number of channels amounts to 146 in the isocentrifugal approximation.
Figures 5.2(a) and 5.2(b) show the fusion cross sections thus obtained. They are plotted both on





































































Figure 5.2: The fusion cross sections (Fig. 5.2(a) and 5.2(b)), the fusion barrier distribution,
Dfus = d2(Eσfus)/dE2, (Fig. 5.2(c)), and the logarithmic slope, L(E) = d[ln(Eσfus)]/dE, (Fig.
5.2(d)), for the 16O + 208Pb reaction. The fusion cross sections are plotted both on the linear and
logarithmic scales in Figs. 5.2(a) and 5.2(b), respectively. The dashed lines are obtained by taking
into account only the collective excitations of 16O and 208Pb, while the dot-dashed lines take into
account the noncollective excitations of 208Pb in addition to the collective excitations. The solid
lines are the same as the dot-dashed lines, but shifted in energy. The experimental data are taken
from Refs. [28, 18].
distributions, Dfus = d2(Eσfus)/dE2, are plotted in Fig. 5.2(c). The experimental data are taken from
Refs. [28, 18]. The dashed lines are obtained by taking into account only the collective excitations
of 208Pb and 16O, while the dot-dashed lines take into account also the noncollective excitations
of 208Pb. One immediately sees that the main peak in the barrier distribution is shifted in energy
due to the noncollective excitations towards low energy and consequently the fusion cross sections
are enhanced. This can be understood in terms of the adiabatic potential renormalization because
the excitation energies for the noncollective excitations are relatively large. One can also see that
the noncollective excitations do not alter much the energy dependence of the fusion cross sections,
as can be seen more clearly by shifting the dot-dashed lines in energy as shown in Fig. 5.2 by
the solid lines. As a consequence, the noncollective excitations hardly modify the behavior of the
logarithmic slope, L(E) = d[ln(Eσfus)]/dE (see Fig. 5.2(d)). That is, the calculations with only
the collective excitations do not account for the observed large logarithmic slope at deep subbarrier
energies. This remains the same even if the noncollective excitations are taken into account. This
indicates that the deep sub-barrier hindrance of fusion cross sections cannot be explained simply









































Figure 5.3: Quasi-elastic scattering cross sections (Fig. 5.3(a)) and the quasi-elastic barrier distri-
bution (Fig. 5.3(b)) for the 16O + 208Pb system. The meaning of each line is the same as in Fig. 5.2.
The experimental data are taken from Ref. [23].
as noncollective excitations of the one-body system after the touching of the colliding nuclei, has
to be considered [89].
As mentioned in Sec. 5.1, it is known that the calculation only with collective excitations
does not reproduce well the experimental fusion cross sections and barrier distribution for this
system [28]. That is, the coupled-channels calculation does not simultaneously reproduce the fusion
cross sections above and below the Coulomb barrier, and yields a too high main peak in the barrier
distribution. We find that the noncollective excitations are not helpful in this respect, as shown in
Figs. 5.2(a), (b), and (c). The noncollective excitations affect the cross sections only slightly, and
smear the barrier distribution at energies around 78 MeV [90]. The agreement is thus somewhat
worsened. Clearly, one needs other mechanisms in order to reproduce the experimental data for this
system. In this connection, in the next subsection, we will investigate the effect of double octupole
phonon excitations in 208Pb.





































































Figure 5.4: Same as Fig. 5.2, but with the double octupole phonon excitations.
tion, Dqel(E) = d[σqel/σR]/dE at θcm = 170
◦. Eeff is the effective energy defined by Eq. (3.47),
which takes into account the centrifugal energy for the Rutherford trajectory. The meaning of each
line is the same as in Fig. 5.2. The solid lines are shifted in energy with the same amount as in the
fusion calculation. The experimental data are taken from Ref. [23].
One can observe that the change in the barrier distribution due to the noncollective excitations
is similar to the fusion calculation. That is, the main effect of the noncollective excitations is the
barrier renormalization without changing the shape of the distribution, although they smear the
barrier distributions at relatively higher energies. The agreement with the experimental data around
Eeff = 75 MeV is not improved by the noncollective excitations.
5.2.2 Double phonon calculation
We next show the results for the calculations with the double octupole phonon excitations in 208Pb.
In this case, the number of channels included amounts to 148. The double octupole phonon states
in 208Pb have been experimentally investigated in Refs. [58, 59, 60, 61, 62] and candidates for the
double phonon states have been identified. In the present calculation we assume, for simplicity, that
all four double octupole phonon states are degenerate with E=5.23 MeV, that is, twice the energy
of the single-phonon state.
In Figs. 5.4 and 5.5, we show the calculations for the fusion reaction and quasi-elastic scattering,
respectively. One sees that the double phonon excitations leads only to a minor improvement both









































Figure 5.5: Same as Fig. 5.3, but with the double octupole phonon excitations.
those in the single-phonon case presented in the previous subsection. That is, the barrier distribution
is smeared above the barrier while the shape of the lower peak is almost unchanged.
5.2.3 Anharmonicity of octupole phonon state in 208Pb
We have also investigated the role of anharmonicity of the octupole phonon excitations of 208Pb [9,
10], together with the noncollective excitations. We assume that the physical octupole phonon state











Here, α is a constant and is determined from the quadrupole moment of the octupole phonon state.
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Figure 5.6: Fusion cross section and barrier
distribution for 16O + 208Pb system. The
dashed lines are the results in the harmonic
limit, while the solid lines take into account
anharmonicity. The pink and the red lines in-
clude only the collective excitations and the
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θ = 170 deg.








The quadrupole moment Q2(3−) has been measured experimentally to be Q2(3−) = −34±15e fm2[52,
53]. With β2 = 0.058, α is then calculated with Eq. (5.3) to be −0.37.
In the presence of the anharmonicity, 3− state can couple to 2+ state and 3− state itself (reori-













In Figs. 5.6 and 5.7, the results for the fusion reaction and the quasi-elastic scattering are
shown respectively. These calculations correspond to the double phonon calculation. The pink
and the red lines include only the collective excitations and the purple and the blue lines take into
account the noncollective excitations in addition to the collective excitations. The dashed lines are
the results in the harmonic limit, and thus the same as Figs. 5.4, and 5.5. The solid lines take
into account the anharmonicity. We can see that the effect of the anharmonicity is quite subtle
both in the fusion reaction and the quasi-elastic scattering cases, regardless of the presence of the
noncollective excitations. Hence the improvement of the agreement with the data is not obtained
with the effect of anharmonicity.
5.2.4 Q-value distribution
Measurements of the Q-value distribution for backward-angle quasi-elastic scattering have been
performed for this system [25, 26], in which the experimental data indicate that the contribution
from the noncollective excitations increases as the incident energy increases. A big advantage of
our method is that the Q-value distribution can be computed easily because we explicitly take into
account the noncollective excitations in our coupled-channels calculations.
Figure 5.8 shows the Q-value distributions at θcm = 170◦ at six different incident energies,
corresponding to the double phonon calculations shown in Sec. 5.2.2. The spectra shown by the
dashed lines correspond to the collective excitations while those by the solid lines correspond to













with ∆ = 0.2 MeV.
Note that we include the noncollective states of 208Pb up to 7.382 MeV. Thus the spectra above
this energy correspond to mutual excitations of the 208Pb and 16O nuclei. One can see that, at
the lowest incident energy shown in the figure, the contribution from the collective channels is
dominant. With increasing energy, the contribution from the noncollective excitations becomes
more and more important. This behaviour is qualitatively consistent with the experimental Q-value
distribution for this system [25, 26].
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Figure 5.8: The Q-value spectra for the quasi-elastic scattering at θc.m.=170◦ for the 16O + 208Pb
system for six different incident energies. The dashed peaks correspond to the collective excitations
while the solid peaks correspond to the noncollective excitations. The solid line is obtained by
smearing the peaks with a gaussian function.
data shown by the green lines are the same as those of Fig. 1.4, and the red histogram shown in
Fig. 5.9(d) is taken from Fig. 1 in Ref. [27]. The red histogram includes only the contribution
of oxygen isotopes (Z = 8). One can see that the calculation reproduces the peaks for the elastic
and 3− channels at energies Ec.m. = 59.34 and 66.76 MeV, while it underestimates the peak for
3− channel at energies Ec.m = 71.41 and 73.28 MeV. This suggests that the deformation parameter
β3 for the nuclear part of the coupling should be somewhat larger than that for the Coulomb part
of the coupling, since at energies well below the barrier, the nuclear excitations is negligible, that
is, the excitations is predominantly induced by the Coulomb coupling, whose coupling strength
is unambiguously determined by the empirical B(Eλ)-value (see Eqs. (2.16) and (3.66)). On the
other hand, the nuclear part of the coupling Hamiltonian depends not only on the deformation
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Figure 5.9: Comparison of the Q-value distributions at four different incident energies. The green
lines are the experimental data at θlab = 163◦ and is taken from Ref. [25]. The red histogram at
Ec.m. = 73.28 MeV is the data at θlab = 162◦ and includes only the contribution of oxygen isotopes.
Taken from Ref. [27].
potential. In Fig. 5.10, we show the result when the deformation parameter for the nuclear coupling




3 = 0.122. This value of β
N
3 is
the same as that used in the calculations in Ref. [28], and corresponds to the radius parameter
r0 = RT · 208−1/3 = 1.06 fm. Although the peak for the 3− channel is slightly enhanced at energies
Ec.m. = 71.41, and 73.28 MeV and thus, the agreement with the data is somewhat improved, the
discrepancy still remains. For the noncollective excitations, we can see that some amount of the
contribution between E∗ ≈ 3.5 MeV to 6 MeV is accounted for by this calculation, while the
calculation still underestimates the data by about an order of magnitude. This comparison shows
that our calculation qualitatively agrees with the experiments, even though our calculation does not
quantitatively reproduce the data.
Note that this energy dependence is also related to how the noncollective excitations modify the
energy dependence of the barrier distribution. Namely, at low energies where the contribution from
the noncollective excitations is not important, a change in the barrier distribution is not observed.
On the other hand, at higher energies where the contribution from the noncollective excitations is
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Figure 5.10: Same as Fig. 5.9, but with a larger value of the deformation parameter for the nuclear
octupole coupling, βN3 = 0.161. The parameter for the Coulomb coupling is kept to be the same as
in Fig. 5.9, βC3 = 0.122.
5.2.5 Mass-number dependence of the effect of noncollective excitations
Finally, we investigate how the effect of noncollective excitations depends on the mass number of
the projectile nucleus. For this purpose, we solve the coupled-channels equations for the 32S + 208Pb
and 40Ca + 208Pb systems. For the nuclear potential, we use the Akyüz-Winther potential [91]. We
include the same excited states in the 208Pb nucleus as those in the calculation for the 16O + 208Pb
system discussed in the previous subsections.
We first discuss the 32S + 208Pb reaction. For the excitations of 32S, we take into account the
quadrupole vibration up to the double phonon states. The excitation energy and the deformation
parameter are taken from Ref. [92]. Figure 5.11 shows the calculated fusion cross section and fusion
barrier distribution. The meaning of each line is the same as in Fig. 5.2. The experimental data
are taken from Ref. [23]. One can see that the effect of the noncollective excitations is qualitatively
similar to that in the 16O + 208Pb reaction. That is, the barrier is shifted towards lower energy
and the higher part of the barrier distribution is smeared. However, the smearing is stronger than
that in the 16O + 208Pb system, because an effective coupling strength is in general approximately
proportional to the charge product of the colliding nuclei [6], and thus the noncollective excitations
are effectively stronger for heavier systems. One can also see that the two low-energy peaks in the


















































Figure 5.11: Fusion cross section and fusion
barrier distribution for the 32S + 208Pb system.
The meaning of each line is the same as in























































Figure 5.12: Fusion cross section and fusion
barrier distribution for the 40Ca + 208Pb sys-
tem. The meaning of each line is the same as
in Fig. 5.2.
the peaks is not altered much. The calculations do not reproduce the experimental data, and this
might be attributed to the role of transfer reactions.
Figure 5.12 shows the fusion cross section and the fusion barrier distribution for the 40Ca + 208Pb
reaction. For this system, we assume that 40Ca is inert and take into account only the excitations
of 208Pb. As the charge product is larger, the effect of the noncollective excitations is stronger than
that in the 16O + 208Pb and 32S + 208Pb reactions. It smears the higher part of the barrier distribution
while the lower main peak is sharpened.
As we have shown, while the effect of noncollective excitations is not large for the 16O+208Pb
system, the effect becomes increasingly important for heavier systems, such as 40Ca+208Pb. This
suggests that the conventional coupled-channels approach, that neglects the noncollective exci-
tations, is well justified for relatively light systems, but the noncollective excitations have to be
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included explicitly in coupled-channels calculations for heavy-systems, for example, those relavant
to a synthesis of superheavy elements.
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Chapter 6
Noncollective excitations in 20Ne + 90,92Zr
reaction
In this chapter, we investigate the role of noncollective excitations in the quasi-elastic scattering
for 20Ne + 90,92Zr systems. We employ the random matrix model to describe the noncollective
excitation in coupled-channels calculation. The effect on the quasi-elastic barrier distribution is
discussed.
6.1 Quasi-elastic scattering for 20Ne + 90,92Zr systems
For 20Ne + 90,92Zr systems, quasi-elastic scattering experiments were performed at energies around
the Coulomb barrier[20]. From the measured quasi-elastic scattering cross sections, the quasi-
elastic barrier distribution has been extracted, as has been shown in Fig. 1.2. The obtained quasi-
elastic scattering barrier distributions show a different behavior between the two systems, that is,
the barrier distribution for 20Ne + 92Zr is much more smeared compared to that of 20Ne + 90Zr sys-
tem. The dashed line in Fig.1.2(a) shows the barrier distribution obtained with a coupled-channels
calculation which takes into account the collective excitations of 20Ne and 90Zr, that is, the rota-
tional excitations of 20Ne and the vibrational excitations of 90Zr. The calculation reproduces the
peak structure of the barrier distribution, while it yields somewhat broader separation of the peaks,
which is probably due to the treatment of separation vector in nuclear potential[93, 94]. On the
other hand, the calculated barrier distribution for the 20Ne + 92Zr system shows the similar behav-
ior to that of the 20Ne + 90Zr system, and does not exhibit a smeared behavior observed in the
experimental barrier distribution. This similarity in the barrier distributions of the two systems is
because the deformation of 20Ne is so large that the difference in the vibrational excitations of Zr
isotopes plays a minor role for the barrier distribution. Thus, the conventional coupled-channels
calculation cannot reproduce the barrier distribution for both the systems simultaneously.
As has been discussed in Chap. 1, the difference in the barrier distributions between the two
systems has been conjectured to arise from noncollective excitations that are not taken into account
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explicitly in the coupled-channels calculations. In this chapter, we take into account the noncollec-
tive excitations of Zr isotopes in the calculations for 20Ne + 90,92Zr reactions and see whether the
difference in the quasi-elastic barrier distributions arises from the noncollective excitations. See
Fig. 1.3 for the energy spectra for the Zr isotopes.
6.2 Random matrix model
In the previous chapter, we investigated the effects of the noncollective excitations in 16O + 208Pb
reaction. In that calculation, the description of the noncollective excitations is based on the exper-
imental information of the noncollective states. Especially, the deformation parameter βλ, which
gives the transition strength to the noncollective states, has been experimentally known for most of
low-lying noncollective states in 208Pb. For 90,92Zr, however, the information on the deformation pa-
rameter is rather limited compared to that for 208Pb. That is, even though the energy and the spin are
experimentally known for many noncollective states[22], basically nothing is known for the cou-
pling strength to the ground state. Therefore, one has to resort to a different approach to describe
the noncollective excitations in 20Ne + 90,92Zr reactions. For this purpose, we employ the random
matrix model discussed in Sec. 4.5. In this model, we consider the ensemble of the coupling matrix
elements and assume the ensemble to make a gaussian orthogonal ensemble(GOE) in the random
matrix theory. This model was originally applied to the calculations for deep inelastic collisions by
Weidenmüller and his collaborators in the 1970’s[44, 45, 47, 48, 49, 50]. We show in appendix B
an application of the random matrix model to a one-dimensional barrier penetration problem. The
work presented in this chapter can be considered as an extension of this one-dimensional problem
to a three-dimensional realistic problem.
We construct the coupling matrix for the noncollective states as follows. The coupling Hamil-




Fλ(r) · Tλ(ξ), (6.1)
with
Fλµ(r) = fλ(r)Yλµ(r̂). (6.2)
Then, the coupling Hamiltonian in the iso-centrifugal approximation is obtained by transforming












Using the Wigner-Eckart theorem, the coupling matrix element reads
V II
′















Following Weidenmüller et al., we introduce here the statistical assumption of GOE. That is, we
require that the ensemble average of the coupling matrix element vanishes, i.e.,
V II′nn′(r) = 0. (6.6)












× δλλ′αλ(n, n′; I, I′; r, r′), (6.7)
or, in terms of the coupling matrix elements, we require
V II′nn′(r)V
I′′I′′′
n′′n′′′(r′) = {δnn′′δn′n′′′δII′′δI′I′′′ + δnn′′′δn′n′′δII′′′δI′I′′}
√




 I λ I′0 0 0

2
αλ(n, n′; I, I′; r, r′).
Here, the form factor αλ is given by








where ρ(n, I) is a level density with spin I at excitation energy ϵn, h(r) is a some function of r,
and (wλ,∆, σ) are parameters. The level density in the denominator of the form factor reflects the
complexity of the noncollective states, as we have discussed in Sec. 4.5. We present in appendix C
the calculation method of the coupling matrix elements. Concerning the coupling to the noncollec-
tive excitations, we consider only the coupling from the ground state. Therefore, one of the level
densities entered in the form factor is constant in our calculations. Thus we modify the form factor
as





















fitted with f(ε) = Σ a
n
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Figure 6.1: The number of levels of 208Pb up
to the excitation energy ϵ as a function of ϵ.
The dots represents experimental data and the
red line is a fitting function.

















ρ(ε) = df(ε)/dε 208Pb
Figure 6.2: Continuous level density obtained
as a first derivative of the fitting function f (ϵ)
shown in Fig.6.1.
where, 0 means the ground state. We have also replaced the spin dependent level density by the
total level density for the sake of simplicity.
Before applying the model to the reaction of 20Ne + 90,92Zr systems, we first apply the model
to 16O + 208Pb system in order to study the validity of the model by comparing the results with
the more reliable results which use the experimental information on the noncollective states as
presented in the previous section.
6.3 Level density and strength distribution
In order to apply the random matrix model to 16O + 208Pb, we first discuss the treatment of the level




δ(ϵ − ϵn), (6.11)
which is a discrete spectrum. From this discrete spectrum, we define a continuous level density,
which is used in the calculation of the coupling matrix elements in the random matrix model. To





This gives the number of levels up to the excitation energy ϵ. We fit N(ϵ) with a polynomial
function. In Fig. 6.1, we show the fitting result for 208Pb nucleus. We use the N(ϵ) in the interval
between 4 MeV and 7.5 MeV and fitted with a polynomial f (ϵ) =
6∑
n=0
anϵn. The resultant values of
an are a0 = −7479, a1 = 6969 (MeV−1), a2 = −2612 (MeV−2), a3 = 497.5 (MeV−3), a4 = −49.59
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Figure 6.3: Transition strength distributions for 208Pb as a function of excitation energy ϵ. The
black line is the distribution of the experimental deformation parameters and the red line is the
strength distribution defined in Eq. (6.13) with RMT. Both distributions are smeared with a gaussian
function with a width of 0.15 MeV. The black line is scaled by a factor of 10.
(MeV−4), a5 = 2.347 (MeV−5), and a6 = −0.03632 (MeV−6). The continuous level density is then
defined by the first derivative of f (ϵ), that is, d f (ϵ)/dϵ, which is shown in Fig. 6.2.













(wλ is omitted in the definition by assuming wλ = w for all λ). This quantity corresponds to
the distribution of the deformation parameter βI , since, in the linear coupling approximation, the





Fig.6.3 shows a comparison of experimental deformation parameter, βI , and the strength distribu-
tion in RMT, bI , as a function of excitation energy. The parameter ∆ in (6.13) is chosen to be 7
MeV. Both distributions are smeared with a gaussian function whose width is 0.15 MeV. The defor-
mation parameter is scaled by a factor of 10 because the dimension of βI and bI is not taken to be
the same, while the both quantities determine the coupling strength to each excited state. Although
the small deficiency of the strength can be seen for peaks between 5.5 MeV and 7 MeV, the overall
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peak structure of the strength distribution is reasonably reproduced by the random matrix model.
6.4 Test of random matrix model with 16O + 208Pb reaction
In this section, we apply the random matrix model to 16O + 208Pb reaction in order to see whether
the random matrix model works well for the description of the noncollective excitations in low-
energy heavy-ion reactions.





which is the same functional form as the derivative of the Woods Saxon potential. Thus, the cou-
pling matrix elements become similar to that of the vibrational coupling in the linear coupling
approximation. For the parameters in Eq. (6.10), we use w = 38000 MeV3/2, ∆ = 7 MeV, and
σ =4.0 fm. The value of ∆ is chosen so that all the considered excited states up to 7.382 MeV
have a chance to be excited. The values of ∆ and σ are the same as those used in Refs. [49, 50].
The value of w is chosen so that the random matrix model reproduces the results obtained with the
experimental βI .
In Fig.6.4, we show the comparison for fusion cross sections. The potential has the same
geometry as that used in the previous chapter, and for simplicity, we do not take into account
the excitation of 16O in the calculation. The red lines show the results using the experimental
deformation parameters. This calculation is similar to that in the previous chapter, while the linear
coupling approximation is employed in the present calculation. The blue lines are the results using
the random matrix model for the description of the noncollective excitations. For comparison, the
calculation which takes into account only the collective excitations are show by the black dashed
lines. By choosing an appropriate parameter w, we can see that the random matrix model nicely
reproduces the results which use the experimental deformation parameters. Therefore, we conclude
that the random matrix model is applicable to the description of the noncollective excitations by
choosing appropriate parameters in the model.
6.5 Application to 20Ne + 90,92Zr systems
6.5.1 Parameters
Encouraged by the comparative study presented in the previous section, we now apply the random
matrix model to the 20Ne + 90,92Zr reactions. We use the same parameters as those used in Ref.
[20], that is, the surface diffuseness parameter of a = 0.63 fm, the radius parameter of r0 = 1.2 fm,
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Figure 6.4: The fusion cross sections((a) and (b)) and the fusion barrier distributions((c)) for 16O +
208Pb system. The red lines are the results obtained with the experimental deformation parameter.
The blue lines are the results of the calculation based on the random matrix model. The black
dashed lines are the results of the calculation with only the collective excitations.
barrier becomes VB = 51.76 MeV. For the imaginary part of the potential, we use the Woods-Saxon
form with the depth of W = 30 MeV, the surface diffuseness parameter of aW = 0.3 fm, and the
radius parameter of r0W = 0.9 fm.
As for the coupling to 20Ne, we take into account the rotational states in the ground band up to
6+ state with the deformation parameters β2 = 0.46 and β4 = 0.27. The octupole phonon state at
5.62 MeV is also considered with β3 = 0.39. For the coupling to collective states in 90Zr nucleus,
we take into account the vibrational 2+ state at 2.18 MeV with β2 = 0.089 and 3− state at 2.75
MeV with β3 = 0.211[95]. For 92Zr, we take into account the vibrational 2+ state at 0.93 MeV
with β(N)2 = 0.144 and β
(C)
2 = 0.103 as well as 3
− state at 2.34 MeV with β3 = 0.17[96]. These
phonon excitations in Zr isotopes are taken into account up to the two-phonon state, while the
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Figure 6.5: Same as Fig. 6.1, but for 90Zr.

















Figure 6.6: Same as Fig. 6.2, but for 90Zr.
mutual excitations of quadrupole and octupole phonon states are not included.


















Figure 6.7: Same as Fig. 6.1, but for 92Zr.















Figure 6.8: Same as Fig. 6.2, but for 92Zr.
For the coupling to the noncollective states, we use the experimental data for the excitation
energies and spins. The coupling matrix elements themselves are calculated by the random matrix
model. Among the noncollective states, we take into account only the natural parity states, because
the unnatural parity states are not probable to be excited compared to the natural parity states in the
collision of even-even nuclei. The noncollective states are assumed to be coupled only to the ground
state for simplicity, which corresponds to the linear coupling approximation. For the parameters
in the random matrix model, we employ ∆ = 7 MeV, σ = 4 fm, and w = 200 MeV3/2. The
values of ∆ and σ are the same as in the calculations for 16O + 208Pb reaction, and the value of w
is determined so that the calculated barrier distribution for the 20Ne + 92Zr system agrees with the
experimental barrier distribution as well as possible. The same parameters are then used for the
calculations for 20Ne + 90Zr reaction. The level density is constructed in the same way as that in the
case of 16O + 208Pb calculation, as we show in Figs. 6.5 and 6.6 for 90Zr and in Figs. 6.7 and 6.8
for 92Zr. For 90Zr, N(ϵ) defined by Eq. (6.12) is fitted in the interval between 3 MeV and 8 MeV
with a polynomial f (ϵ) =
6∑
n=0












































Figure 6.9: Quasi-elastic cross sections (up-
per panel) and quasi-elastic barrier distribution
(lower panel) for 20Ne + 90Zr system at 150◦.
The red dashed lines are the results with only
the collective excitations, while the blue lines
are the results which include the noncollective












































Figure 6.10: Same as Fig.6.9, but for 20Ne +
92Zr system.
a2 = −286.5 (MeV−2), a3 = 119.7 (MeV−3), a4 = −22.65 (MeV−4), a5 = 2.057 (MeV−5), and
a6 = −0.07278 (MeV−6). For 92Zr, N(ϵ) is fitted in the interval between 2.5 MeV and 6 MeV and
the resultant parameters are a0 = 63.79, a1 = 540.7 (MeV−1), a2 = −737.2 (MeV−2), a3 = 366.7
(MeV−3), a4 = −87.00 (MeV−4), a5 = 10.07 (MeV−5), and a6 = −0.4589 (MeV−6). We take into
account the mutual excitations of 20Ne and 90,92Zr.
6.5.2 Results
Quasi-elastic scattering cross sections and barrier distribution
We first show the results obtained by including 45 noncollective levels in 90Zr nucleus and 75
levels in 92Zr nucleus. Inclusion of 45 noncollective levels corresponds to taking into account
excited states up to 6.7 MeV for 90Zr and inclusion of 75 noncollective levels corresponds to 5.7
MeV for 92Zr. Figs.6.9 and 6.10 show the quasi-elastic scattering cross sections and quasi-elastic
barrier distributions for 20Ne + 90Zr and 20Ne + 92Zr reactions, respectively. For both figures, the
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Figure 6.11: Convergence of the coupled-
channels calculation for 20Ne + 90Zr with re-
spect to the truncation of excited states of 90Zr.
The red dashed and the blue solid lines are the
same as in Fig.6.9. The green lines includes the

















noncoll. up to 4.0MeV, 45levels
noncoll. up to 4.8MeV, 65levels
noncoll. up to 5.7MeV, 75levels
noncoll. up to 6.5MeV, 82levels





















Figure 6.12: Convergence of the coupled-
channels calculation for 20Ne + 92Zr with re-
spect to the truncation of excited states of 92Zr.
The energy truncation is changed from 4.0
MeV to 6.5 MeV. The red dashed and the blue
solid lines are the same as in Fig.6.10.
represent the results which take into account only the collective excitations, and the blue solid
lines represent the results which take into account the noncollective excitations in addition to the
collective excitations. In Figs.6.9 and 6.10 the red and the blue lines are shifted in energy by
1.7 MeV and 2.0 MeV, respectively, in order to adjust the barrier height. The difference in the
amount of shifts between the red dashed line and the blue solid line originates from the potential
renormalization due to the high excitation energy of the noncollective states as has been discussed
in the reaction of 16O + 208Pb in the previous chapter. For 20Ne + 90Zr reaction, we can see that
even when we include the noncollective excitations, they do not alter the barrier distribution in a
significant way with the present parameters, although the ditch between the two peaks is somewhat
filled. Thus, the noncollective excitations do not deteriorate the agreement with the data for 20Ne
+ 90Zr quasi-elastic scattering. On the other hand, for 20Ne + 92Zr reaction, the noncollective
excitations fill the ditch between the peaks and the peak structure is thus considerably smeared.
As a consequence, the agreement with the experimental barrier distribution is improved for the
20Ne + 92Zr system. In these calculations, the same parameters in the random matrix model are
used both for 20Ne + 90Zr and 20Ne + 92Zr reactions. Therefore, the difference of the effects of the
noncollective excitations comes from the level density in the form factor Eq. (6.9) and the level









































Figure 6.13: Calculations with four differently generated coupling matrices in the random matrix
model (the solid lines). The red dashed lines include only the collective excitations.
low excitation energy region in 92Zr . We also notice that the agreement at the high energy tail of
the barrier distribution is also improved due to the noncollective excitations.
Although the quasi-elastic scattering cross sections around the barrier energies and the barrier
distribution are well reproduced by including the noncollective excitations, the disagreement still
remains at the low energy region. In order to reproduce the data for the whole energy region, it may
be necessary to include other effects such as α pick-up reaction, which might introduce a potential
barrier at the low-energy region.
Convergence of calculated results
We next discuss the convergence of the calculations with respect to the energy truncation. In
Fig.6.11, we show the calculation for 20Ne + 90Zr scattering. The red and the blue lines are the
same as those in Fig.6.9. The green solid lines take into account the noncollective excitations up to
excitation energy 5.7 MeV, while up to 6.7 MeV for the blue lines. The number of the noncollective
levels up to 5.7 MeV is 38. We can see that the green and the blue lines are almost the same, that
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Figure 6.14: Q-value distributions for 20Ne + 90Zr system. The experimental data are taken at CM
angle 156◦ and CM energy of 51.85 MeV[20]. The red dashed line includes only the collective ex-
citations and the blue solid line includes the noncollective excitations as well. The calculations are
taken at different energies corresponding to the shift in the barrier distribution due to the potential
renormalization.
show the calculation for 20Ne + 92Zr system with several truncations of the noncollective excitations
ranging from 4.0 MeV to 6.5 MeV. The red and the blue lines are the same as those in Fig.6.10.
We can see the gradual increase of the effects of noncollective excitations and that the convergence
is obtained if one includes the excited states up to 5.7 MeV. In Fig. 6.12, all the calculations are
shifted by 1.7 MeV. We can see that the lower energy tail of the barrier distribution is hardly altered
by the noncollective excitations, while the higher region is shifted towards the low-energy side. We
can understand this behavior from the energy dependence of the Q-value distribution discussed in
the next subsection.
In the random matrix model, the meaningful quantity is the ensemble averaged quantity. The
calculated results shown above are not ensemble averaged. In order to see the dispersion due to
the random matrix, we show in Fig.6.13 the four calculations with differently generated coupling
matrices by the solid lines (these calculations take into account only 26 noncollective levels in
order to reduce the computational effort). For comparison, we show the calculation with only the
collective excitations by the red dashed line. We can see that the dispersion due to the different
random matrices is sufficiently small compared to the change due to the noncollective excitations.
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Figure 6.15: Q-value distributions for 20Ne + 92Zr system. The meaning of each line is the same as
Fig.6.14. The experimental data are taken from Ref. [100].
Q-value distribution
We next present the calculation for a Q-value distribution in Figs.6.14 and 6.15 for 20Ne + 90Zr
and 20Ne + 92Zr systems, respectively. In the figures, the dots represent the experimental data,
the red dashed lines represent the calculation with only the collective excitations and the blue
solid lines represent the calculation with the noncollective excitations in addition to the collective
excitations. (The experimental data for 20Ne + 92Zr shown in Fig. 5 in Ref. [20] has been found to
be wrong[100]. The correct data are shown in Fig. 6.15.) The experimental data are taken at θCM =
156◦ and ECM = 51.85 MeV and do not include the transfer processes. The calculations shown in
the figures are taken at different energies corresponding to the shift in the barrier distribution due to
the potential renormalization. These are smeared with a gaussian function Eq. (5.6) with a width
of ∆ = 0.5 MeV to adjust the width of the elastic peak of the data, and are normalized to the height
of the elastic peak. We can see that in both systems, the noncollective excitations have a small
effect on the Q-value distribution at this incident energy. For 20Ne + 90Zr system, the calculation
reasonably reproduces the data up to about 5 MeV, while above 5 MeV, it underestimates the data.
For 20Ne + 92Zr system, the noncollective excitations enhance the contribution from the inelastic
channels between about 3 to 6 MeV, and the data is reasonably reproduced up to 4 MeV. Above 4
MeV, the present calculation does not reproduce the data as in the case of 90Zr. We compare the
results of the two systems in Fig. 6.16. The blue ones are the experimental data and the calculation
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Figure 6.16: Comparison of the Q-value distributions between 20Ne + 92Zr and 20Ne + 92Zr systems.
the height of the elastic peak. We can see that the data show almost the same Q-value distribution
between the two systems. This suggests that the difference in the number of the noncollective states
between 90Zr and 92Zr nuclei (see Fig. 1.3) does not affect the Q-value distribution at this energy.
This is consistent with our calculation show in the figure, and thus, we conclude that our calculation
accounts for the data qualitatively well.
However, this does not mean that the noncollective excitations are not important in the Q-value
distribution. We have seen that the contribution from the noncollective excitation becomes im-
portant as the incident energy increases for the reaction of 16O + 208Pb system. In fact, the same
tendency is observed for 20Ne + 90,92Zr systems as shown in Figs. 6.17 and 6.18. These figures
show the Q-value distribution at different incident energies from 40 MeV to 60 MeV. The solid
red spectra show the contribution from the collective channels, the blue spectra show the contri-
bution from the noncollective channels, and the envelope shows the Q-value distribution smeared
with a gaussian function with a width of 0.2 MeV. For both systems, the contribution from the col-
lective excitations is dominant below the barrier (about 52 MeV), while the contribution from the
noncollective excitations becomes important as the incident energy increases. However, the peak
structure of the Q-value distribution is mainly constructed by the collective excitations for 20Ne
+ 90Zr system even above the Coulomb barrier. On the other hand, for 20Ne + 92Zr system, the
noncollective excitations also contribute to the construction of a peak structure. Since the contribu-
tion from the noncollective excitations is important at larger (above barrier) energies, the potential

































































E = 48 MeV
E = 52 MeV
































 = 155 deg.
noncoll. up to 6.7MeV
Figure 6.17: The energy dependence of the Q-value distribution for 20Ne + 90Zr system. The
red and the blue spectra show the contribution from the collective and the noncollective channels,
respectively. The black lines are obtained by smearing the spectra with a gaussian function with a
width of 0.2 MeV.
In order to observe the effect of the noncollective excitations on the Q-value distribution, it will
be necessary to measure the data above the barrier energies and see the energy dependence.
Reactions with different projectiles
We have shown that the noncollective excitations of 90,92Zr nuclei significantly affect the barrier
distributions for 20Ne+ 90,92Zr reactions. In order to see whether our description of the noncollective
excitations are consistent with other reactions, we apply the model to 16O + 92Zr and 28Si + 92Zr
fusion reactions, where the fusion cross sections are experimentally obtained and coupled-channels
analyses have been performed[96]. Figs.6.19 and 6.20 show the results for 16O + 92Zr and 28Si
+ 92Zr systems, respectively. In both figures, the dots represent the experimental data[96], the
red lines represent the calculation with only the collective excitations, and the blue lines represent
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 = 155 deg.
noncoll. up to 5.7MeV
Figure 6.18: Same as Fig.6.17, but for 20Ne + 92Zr system.
upper and the middle panels show the fusion cross sections in the linear and logarithmic scales,
respectively, while the bottom panel shows the fusion barrier distribution. For the 16O projectile,
we take into account the vibrational 3− state at 6.13 MeV as in the reaction for 16O + 208Pb system
discussed in the previous chapter. The potential parameters in the Woods-Saxon potential are V0 =
55.16 MeV for the potential depth, r0 = 1.17 fm for the radius parameter, and a = 0.60 fm for
the surface diffuseness parameter. These parameters are chosen so that the calculation reproduces
the height of the Coulomb barrier. We can see that the noncollective excitations hardly affect the
barrier distribution. For this system, the barrier distribution has almost a single peak structure even
in the absence of the noncollective excitations. This is because the vibrational excitations of 92Zr
are not so strong to yield a well structured barrier distribution and the octupole phonon state in 16O
only renormalizes the potential barrier. Therefore, the smearing due to the noncollective excitations
does not change the shape of the barrier structure. In addition to this, the smaller charge product of
of the projectile and the target also makes the effect of the noncollective excitations small compared




















































Figure 6.19: Fusion cross sections and the fu-
sion barrier distribution for 16O + 92Zr system.
The meaning of each line is the same as in the
calculation for 20Ne + 92Zr system. The exper-














































Figure 6.20: Same as Fig.6.19, but for 28Si +
92Zr system. The experimental data are taken
from Ref. [96].
For the 28Si projectile, we take into account the rotational excitations with ϵ2 = 1.779 MeV
and β2 = −0.407 up to the 6+ state, and the octupole one-phonon state with ϵ3 = 6.88 MeV and
β3 = 0.280. The potential parameters in the Woods-Saxon potential are V0 = 60.25 MeV, r0 = 1.18
fm, and a = 0.63 fm. We can see that the barrier distribution is smeared due to the noncollective
excitations and the peak structure becomes unclear. This calculation is also consistent with the
data, although it is not clear whether the non-collective excitations lead to an improvement due to
the large error bars. The slope of the fusion cross sections at energies above the barrier becomes
steeper by the noncollective excitations and the agreement with the data is worsened. However, this
is not a serious problem because one can adjust the surface diffuseness parameter a in the nuclear
potential so that the slope is consistent with the experimental data.
From these considerations, we argue that the noncollective excitations described in this model
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does not lead to an inconsistency with the previous analyses for the systems studied in this sub-
section. These calculations also confirm that the noncollective excitations have a smaller effect on
the absolute value of the fusion cross sections compared to that of the collective excitations. In
fact, if the collective excitations are not taken into account but only the noncollective excitations
are included, the enhancement of subbarrier fusion cross sections is not obtained.
In this subsection, we have investigated the effect of the noncollective excitations in systems
with different projectiles. We have seen that, depending on the type of the collective excitations in
the projectile, the noncollective excitations affect the barrier distribution in a different way. In App.
D, we present the study of the interplay of the collective and the noncollective excitations using a
schematic model. This study shows that the noncollective excitations tend to shrink the distance
between peaks of the barrier distribution, if the collective excitations, which dominates the barrier
structure, are rotational excitations associated with a prolate deformation.
6.6 Prediction for 24Mg + 90,92Zr reaction
Before we close this chapter, we present the theoretical prediction for 24Mg + 90,92Zr reactions. The
reason why we choose this system is that the 24Mg is a strongly deformed nucleus with prolate
shape (β2 = 0.505) and thus the similar noncollective effect on the barrier distribution can be
expected as in the 20Ne + 90,92Zr system. In Figs.6.21 and 6.22, we show the fusion calculation
for 24Mg + 90,92Zr systems. The meaning of the red dashed lines and the blue solid lines is the
same as in Fig. 6.9. For the coupling to 24Mg nucleus, we include the rotational states up to 6+
state. For the nuclear potential, we use the Akyüz-Winther potential[91]. In the presence of only
the collective excitations, the barrier distributions for the 24Mg + 90,92Zr systems exhibit similar
behavior to those for the 20Ne + 90,92Zr systems. We can see that for 24Mg + 90Zr reaction, the
effect of the noncollective excitations is not significantly large. It steepens the shoulder of the
high energy part of the barrier distribution and fills the dip around 59 MeV. On the other hand, the
noncollective excitations drastically change the behavior of the barrier distribution for 24Mg + 92Zr
system. The effect of the noncollective excitations is similar to that in the 20Ne + 92Zr system, but
stronger. This is because the charge product of 24Mg + 92Zr system and the deformation parameter
β2 of the projectile are larger than those of 20Ne + 92Zr system. Thus, we can expect the difference
in the magnitude of the noncollective effect on the barrier distributions between the two systems.
If the fusion or quasi-elastic barrier distribution was measured for this system and the smeared
structure was found for 24Mg + 92Zr system, the validity of our scenario would become clearer.
However, the transfer processes may affect the barrier distribution for 24Mg + 90,92Zr differently,





















































Figure 6.21: Fusion cross sections and fusion
barrier distribution for 24Mg + 90Zr system.


























































Summary and concluding remarks
We have investigated the role of noncollective excitations in heavy-ion fusion reaction and quasi-
elastic scattering by explicitly taking into account the noncollective states in coupled-channels cal-
culations. In chapter 5, we considered 16O + 208Pb system because this system has been studied both
from the experimental and theoretical sides, and the experimental Q-value distribution suggests the
contribution from the noncollective excitations. In addition, almost all the excited states of 208Pb
up to about 7 MeV have been identified by high precision proton inelastic scattering experiments.
We used the experimentally obtained excitation energy, multipolarity, and deformation parameter
of the excited states in 208Pb to describe the noncollective excitations in 16O + 208Pb reaction.
Our results show that the barrier distribution for the fusion reaction and the quasi-elastic scat-
tering are changed in a similar manner due to the noncollective excitations at energies above the
Coulomb barrier. The energy dependence of the cross sections, on the other hand, is not affected
much by the noncollective excitations and the degree of agreement with the experimental barrier
distribution remains the same. The effect of anharmonicity of vibrational states in 208Pb is also
investigated. It has been found that the effect of anharmonicity plays a minor role regardless of the
presence of the noncollective excitations.
The fusion calculations are also performed for the 32S + 208Pb and 40Ca + 208Pb systems in
order to investigate the projectile mass-number dependence of the effect of the noncollective ex-
citations. We have shown that the effect of the noncollective excitations becomes stronger as the
mass number of the projectile nucleus increases. This result can be considered to justify the con-
ventional coupled-channels calculation which neglects the noncollective excitations for relatively
light systems. However, it also shows that the noncollective excitations should be considered in the
calculation for heavy systems, for example, those relevant to a synthesis of superheavy elements.
For the 32S + 208Pb system, the coupled-channels calculations with only the inelastic excitations
of the colliding nuclei do not account for the experimental data. That is, the subbarrier fusion cross
sections are significantly underestimated for this system and the experimental barrier distribution is
much more smeared than that obtained by the coupled-channels calculation. The transfer process
should be taken into account for this system simultaneously with the noncollective excitations in
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order to improve the agreement with the data.
We have also calculated the energy dependence of the Q-value distribution for the 16O + 208Pb
system and found that the contribution from the noncollective excitations becomes more and more
important as the incident energy increases. This behaviour is qualitatively consistent with the ex-
perimental Q-value distribution for the same system. The experiment data also indicate the contri-
bution from transfer channels in this system[27]. Therefore, it will be an interesting future work to
study the contribution from the transfer channels to the Q-value distribution and compare with the
experimental data in a quantitative way.
In chapter 6, we investigated quasi-elastic scattering for 20Ne + 90,92Zr systems where the con-
ventional coupled-channels calculation fails to account for the experimental data. Although the
experimental information on the noncollective states, especially deformation parameter, is avail-
able for 208Pb nucleus, the information on the noncollective states for 90,92Zr nuclei has not been
sufficiently obtained. Thus, we employed the random matrix theory to describe the noncollective
excitations in the coupled-channels calculation.
Our calculations show that the noncollective excitations fill the dip between the two peaks in the
barrier distribution for 20Ne + 92Zr system and hence the peak structure is smeared. On the other
hand, there is only a minor effect of the noncollective excitations for 20Ne + 90Zr system. Although
our calculation does not improve the agreement of the quasi-elastic scattering cross sections below
the barrier, we have shown that the magnitude of the noncollective effect is considerably different
between the two systems. In these calculations, the parameters in the random matrix model, which
determine the transition strength, are taken to be the same between the two systems. Therefore,
the difference of the noncollective effect arises from the difference in the level density for the low-
lying states which enters into the form factor in the coupling matrix elements in the random matrix
model.
We also calculated the Q-value distribution for 20Ne + 90,92Zr scattering and compared with
the experimental data taken at ECM = 51.85 MeV. Our results show that the contribution from the
noncollective excitations is so small in this energy that the calculated Q-value distribution is almost
unchanged. We compared the Q-value distributions for 20Ne + 90,92Zr systems, and found that both
the experimental data and the calculation indicate that the Q-value distributions at this energy do
not differ much between the two systems. We also calculated the energy dependence of the Q-value
distribution around the Coulomb barrier energy, and found that it shows the similar behavior to the
16O + 208Pb system. That is, while at energies below the Coulomb barrier, the contribution from the
elastic and the collective channels is dominant, the contribution from the noncollective channels
becomes more and more important as the incident energy increases. For 20Ne + 92Zr system, the
noncollective excitations also contribute to construct a peak structure in the Q-value distribution
at above barrier energies. Therefore, in order to see the effect of the noncollective excitations of
Zr isotopes on the Q-value distribution, it will be necessary to measure the data at above barrier
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energies and see the energy dependence.
In order to see the effect of the noncollective excitations of 92Zr on other reactions, we investi-
gated 16O + 92Zr and 28Si + 92Zr systems. For the 16O + 92Zr system, the noncollective excitations
have minor effect on the barrier distribution. For this system, the barrier distribution is not struc-
tured even in the absence of the noncollective excitations. Thus, the smearing due to the noncollec-
tive excitations does not change the shape of the barrier distribution. For the 28Si + 92Zr system, the
noncollective excitations smear the barrier distribution. Although it seems to somewhat deteriorate
the agreement with the experimental data, it will be more or less cured by readjusting the poten-
tial parameters, and thus we conclude that our calculations are not inconsistent with the previously
measured data .
We finally investigated the 24Mg + 90,92Zr systems since 24Mg is a prolately deformed nucleus,
and a similar noncollective effect to 20Ne + 90,92Zr can be expected. In fact, our calculation indi-
cates a similar smearing effect for 24Mg + 92Zr system, while the barrier distribution for 24Mg +
90Zr system is not significantly changed by the noncollective excitations. Since the barrier distri-
butions has not been obtained experimentally for this system, our calculation gives a prediction.
If the experimental barrier distribution exhibits the smeared structure for 24Mg + 92Zr system, the
importance of the noncollective excitations will become robust.
In this thesis, we have investigated the role of noncollective excitations in heavy-ion reactions
motivated by the quasi-elastic scattering experiment for 20Ne + 90,92Zr systems. Since the conven-
tional coupled-channels analyses take into account only the collective excitations, the effect of the
noncollective excitations had not been clarified in the previous studies. In order to study the effect
of the noncollective excitations on the fusion and the quasi-elastic scattering, we investigated sev-
eral systems. We have found that the effect of the noncollective excitations is to smear the barrier
structure which is constructed by the collective excitations. They also contribute to the Q-value
distribution above barrier energies. However, the noncollective effect on the fusion cross sections
is not large compared to that of the collective excitations, and the gross structure of the barrier
distribution is still determined by the collective excitations. Thus, these results can be considered
to justify the success of the conventional coupled-channels analyses in medium-heavy systems. On
the other hand, if one is interested in the detailed structure of the barrier distribution, our results
suggest that the effect of the noncollective excitations can be important. In fact, our results show
that in some systems, the effect of the noncollective excitations is important, e.g. 20Ne + 92Zr and
24Mg + 92Zr systems, while in other systems, e.g. in 16O + 208Pb and 20Ne + 90Zr systems, it is
less important. It will be an interesting question to clarify a general criterion for a need to take
into account the noncollective excitations. In this respect, we have clarified several conditions. The
first is that the noncollective excitations should be taken into account for heavy systems such as
those relevant to a synthesis of superheavy elements. This is because the coupling effect becomes
effectively strong as the charge product of projectile and target becomes large. The second is that
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the noncollective excitations are important for systems with large number of levels or large level
density at relatively low excitation energy region. This has been clarified from the comparison of
20Ne + 90Zr and 20Ne + 92Zr systems. And the third point is the properties of coexisting collective
excitations which dominate the barrier structure. As in the case of 16O + 92Zr reaction, if the collec-
tive excitations do not yield a clear structure in the barrier distribution, the noncollective excitations
do not significantly alter the barrier distribution. In order to proceed this study, it will be necessary
to investigate systems where the effect of the noncollective excitations shows up in a different way,
as in the case of 90,92Zr targets.
The effect of the noncollective excitations will be important for deep inelastic collisions(DIC)
in massive systems, where a large amount of the kinetic energy is dissipated into the internal exci-
tations. In the previous analyses of DIC, a classical friction models have been used. It will be an
interesting future study to apply the model presented in this thesis to DIC and describe the dissipa-
tion phenomena quantum mechanically, instead of using classical models. This kind of study will
be useful not only in nuclear reactions but also in other fields, since the effect of the dissipation on
the reaction process has been studied from a general point of view[1, 2].
We employed random matrix model to describe the noncollective excitations of 90,92Zr because
the experimental information on the noncollective states are limited. Another possible description
of the noncollective excitations will be to calculate the excited states microscopically and use the
theoretical transition probabilities. In such calculations, it will be necessary to take into account
the paring effect for 92Zr nucleus. The investigations on this direction will lead to the development
of the microscopic description of the heavy-ion reactions.
In our calculations for the 20Ne + 90,92Zr systems, we have not taken into account transfer reac-
tions because the experimental total transfer cross sections have been found to be almost the same
between the two systems. However, if one looks at the cross sections for each transfer processes
separately, they are different between these systems, which may affect the barrier distribution in a
different way. Therefore, it is a challenging future work to study the effect of transfer processes as
well as noncollective excitations. It will be also interesting to investigate the transfer effect on the
Q-value distribution which has been suggested in the experiment for 16O + 208Pb system[27]. The
study of the noncollective excitations and the transfer reactions will contribute to the development
of the coupled-channels method and the further understanding of the reaction processes.
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Appendix A
Classical expression for fusion cross section
and the Wong formula
In this appendix, we derive the classical expression for the fusion cross section and introduce the
Wong formula, which is the fusion cross section for a parabolic potential.






(2ℓ + 1)Pℓ(E). (A.1)






(2ℓ + 1)θ(E − VB) (A.2)





The step function enters into the expression because if E < VB, there is no partial wave ℓc which
















θ(E − VB). (A.4)
In quantum mechanics, the fusion occurs even at subbarrier energies due to the quantum tun-
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neling effect. If the potential can be approximated by a parabolic curve
Vℓ(r) ≈ VB −
1
2














where ϕInℓ and ϕ
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Here, Γ(z) is a gamma function. The penetrability is, as is well known, given by




















































For this barrier distribution, the FWHM is given by 0.56ℏΩ. If one considers a classical limit

























for E < VB. This is nothing but the classical expression Eq. (A.4). Notice that the classical limit,
Eq. (A.14), can be achieved also when E ≫ VB.
We show a comparison of the exact calculation and the Wong formula for 20Ne + 90Zr system.
For the nuclear potential, we use a Woods-Saxon potential
V(r) = − V0
1 + exp((r − Rn)/a)
. (A.16)


























where x = (r − RB)/a.
In Fig. A.1, we show the resulting Coulomb barrier and its parabolic approximation by the blue
solid and the red dashed lines, respectively. We can see that the exact potential exhibits moderate
slope on the right hand side of the barrier due to the Coulomb potential. In Fig. A.2, we show
the fusion cross section in the upper panel and the corresponding fusion barrier distribution in the
lower panel. In calculating the barrier distribution, we have replaced the differentiation with a finite
difference of 2 MeV. We show the exact results by the blue solid lines and the results from the Wong
formula by the red lines. For comparison, we show the classical fusion cross section by the black
dotted line. We can see that at above barrier energies, the quantum mechanical calculations almost
coincide with the classical cross sections. Below the barrier, the Wong formula overestimates the
exact calculation. This reflects the smaller width of the parabolic potential barrier. The correspond-
ing barrier distributions show almost the same behavior since the width of the barrier distribution is
almost determined by the barrier curvature for which the Wong formula has the same value as the
exact potential.
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Figure A.1: Potential barrier for 20Ne + 90Zr
system (the blue solid line) and the parabolic
curve (the red dashed line) which approxi-











































Figure A.2: The upper panel: Exact fusion
cross sections for 20Ne + 90Zr system (the blue
solid curve) and fusion cross sections from the
Wong formula (the red dashed curve). The
black dotted line is the classical fusion cross




Role of noncollective excitations in
one-dimensional barrier penetration
problem
In this appendix, we apply the random matrix model to a one-dimensional barrier penetration prob-
lem and discuss the role of noncollective excitations[90].
B.1 Random matrix model for one-dimensional coupled-channels
equations











Vnm(x)ψm(x) = 0. (B.1)
Here, µ is the reduced mass, Vrel(x) is a potential for the relative motion, and ϵn is an excitation
energy for the nth channel.
We impose the following boundary condition
ψn(x)→ δn,0 e−ik0 x + rn eikn x for x→ +∞ (B.2)
→ tn e−ikn x for x→ −∞, (B.3)
where kn =
√
2µ(E − ϵn)/ℏ2 is the wave number for the nth channel, and 0 represents the entrance
channel. We have assumed that the projectile is incident from the right hand side of the potential











The barrier distribution is obtained by taking the energy derivative of P(E), that is, dP(E)/dE [65].
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We solve the coupled-channels equations Eq. (B.1) using the constant coupling approximation
by including both collective and noncollective excitations. For the collective excitation, we assume
the vibrational coupling, whose matrix element is given by
(Vnm) = F
 0 11 0
 , (B.5)
where F is a constant.
For the noncollective excitations, we consider an ensemble of coupling matrix elements based
on the random matrix theory [47, 48, 49]. We assume that the matrix elements are uncorrelated
random numbers obeying a Gaussian distribution with zero mean. That is, we require that the first
and the second moments of the coupling matrix elements satisfy the following equations [44]
Vnm(x) = 0 (B.6)







where the overline denotes an ensemble average and ρ(ϵ) is the nuclear level density. Here, we
have assumed the coordinate independent matrix elements according to the constant coupling ap-
proximation.
For the noncollective excitations, we generate the coupling matrix elements according to these
equations many times. For each coupling matrix, we do not vary the matrix elements for the collec-
tive excitations, which are uniquely determined once the coupling is specified. For each coupling
matrix, we solve the coupled-channels equations and calculate the penetrability and the reflection
probability. The physical results are then obtained by taking an average of these quantities.
B.2 Results
In solving the coupled-channels equations, we assume that there is a collective vibrational state
at 1 MeV, whose coupling to the ground state is given by Eq. (B.5) with F = 2 MeV. For the
noncollective states, we consider a level density given by ρ(ϵ) = ρ0 e2
√
aϵ with ρ0 = 0.039 MeV−1
and a = 29/8 MeV−1, starting from 2 MeV. The value of ρ0 was determined so that the number
of noncollective levels is 200 up to 5 MeV. For the parameters for the couplings in Eq. (B.8), we
follow Ref. [44] to use ∆=7 MeV. We arbitrarily choose the coupling strength to be w0 = 0.005
MeV. The energy spectrum for this model is shown in Fig.B.1. For the potential for the relative




























Figure B.1: The energy spectrum for the model calculation which we employ. There is a collective
vibrational state at 1 MeV, while noncollective states exist from 2 MeV with an exponentially
increasing level density.
Figure B.2 shows the penetrabilities thus obtained. The corresponding barrier distributions are
shown in Fig. B.3. The dotted and the dashed lines show the results without the channel couplings
and those only with the collective excitation, respectively. The solid line shows the results with
both the noncollective excitations and the collective excitation. We include the noncollective states
up to ϵmax =23 MeV with energy spacing of ∆ϵ=0.02 MeV. This result is obtained by generating
the coupling matrix elements 30 times to take an ensemble average.
The collective excitation leads to a double peaked structure of barrier distribution. One can see
that the noncollective excitations suppress the penetrability at energies above the barrier, and at the
same time smear the higher energy peak in the barrier distribution, although the main structure of
the barrier distribution is still determined by the collective excitation. The noncollective excitations
also lower the barrier and thus increase the penetrability at energies below the barrier, due to the
potential renormalization discussed in chapter 3.
The Q-value distribution for the reflected flux is shown in Fig. B.4 at four incident energies
indicated in the figure. For a presentation purpose, we fold the discrete distribution with a Lorentz
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 = 23 MeV
∆ε = 0.02 MeV
(1013 chs.)
Figure B.2: The potential penetrability ob-
tained with several methods. The dotted line
is obtained without channel coupling, while
the dashed line takes into account only the
collective vibrational excitation. The solid
line shows the result with both the collective
and the noncollective excitations.




















 = 23 MeV
∆ε = 0.02 MeV
(1013 chs.)
Figure B.3: The barrier distribution defined by
the first derivative of the penetrability. The








with the width of η =0.2 MeV. In the figure, the peaks at E∗ = 0 MeV and E∗ = 1 MeV corre-
spond to the elastic channel and the collective excitation channel, respectively. One can see that
at energies well below the barrier the elastic and the collective peaks dominate in the distribution.
As the energy increases, the single-particle excitations become more and more important. This
behaviour is consistent with the experimental Q-value distribution observed for 16O+208Pb [25, 26]
and 16O+184W [26] reactions. At energies above the barrier, the noncollective contribution is even






































E = 95 MeV
E = 100 MeV
E = 90 MeV













Figure B.4: The Q-value distribution for the reflected flux at four energies as indicated in the figure.
It is obtained by smearing the discrete distribution with a Lorentzian function with the width of 0.2




Calculation of gaussian orthogonal
ensemble(GOE)
In this appendix, we present a calculation method for the coupling matrix elements according to
the random matrix theory[98]. The second moment of the coupling matrix elements is assumed to
be given by Eq. (6.9) as
V II′nn′(r)V
I′′I′′′
n′′n′′′(r′) = {δnn′′δn′n′′′δII′′δI′I′′′ + δnn′′′δn′n′′δII′′′δI′I′′}
√




 I λ I′0 0 0

2
αλ(n, n′; I, I′; r, r′) (C.1)
with the form factor








In order to construct V II
′

























which corresponds to the ”square root” of the form factor αλ. Using this function, the coupling

















δ(r − r′). (C.5)
The gaussian random numbers can be generated from uniform random numbers distributed in the
interval (0, 1] by, for instance, the Box-Muller method. That is, from the independent random
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numbers x1 and x2 uniformly distributed in the interval (0, 1], the independent random numbers y1











Interplay of collective and noncollective
excitations
In this appendix, we discuss the interplay of collective and noncollective excitations by using a
schematic model. Depending on the type of the collective excitations which dominate the barrier
structure, the effect of the noncollective excitations on the barrier distribution appears differently.
In order to investigate this difference, we consider three cases where the collective excitations are
vibration, rotation associated with a prolate deformation, and rotation associated with an oblate
deformation. We also use the perturbation theory to give an interpretation for the effect of the
noncollective excitations on the barrier distribution. The purpose of this appendix is to gain an
insight of the smearing effect of the noncollective excitations observed in the 20Ne + 92Zr system,
where the rotational excitations with prolate deformation dominate the barrier structure. To this
end, we use a constant coupling approximation and work in the eigenchannel representation, which
makes an interpretation of the noncollective effects transparent. In this representation, we shall see
whether the shrinkage of the peaks in the barrier distribution, which leads to the smearing of the
barrier structure, occurs due to the noncollective excitations. Although we consider the collision
of 20Ne + 92Zr system, the collective excitation channels are artificially modified for 92Zr nucleus,
while the realistic noncollective states of 92Zr are included in the same way as in the calculations
shown in chapter 6. 20Ne is assumed to be inert.
We first consider the rotational excitations. We set the excited states with the excitation energy
ϵ2 = 0.4 MeV and the deformation parameter β2 = ±0.25. The potential parameters are the same
as in the previous calculations for 20Ne + 92Zr system. We show the fusion barrier distributions for
the case of prolate deformation (β2 > 0) in Figs. D.1(a) and D.2(a) and oblate deformation (β2 < 0)
in Figs. D.3(a) and D.4(a). The red lines include only the collective excitations and the blue lines
include the noncollective excitations in addition to the collective excitations. Fig. D.1 shows the
results when the rotational states are truncated at the 2+ state and Fig. D.2 takes into account up
to the 4+ state. As mentioned in chapter 3, we can introduce the eigenchannel representation when
the constant coupling approximation is employed. The magenta and the cyan spectra represent
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eigenbarriers respectively for the red and the blue calculations. In Fig.D.1(a), the difference of the
height of the two eigenbarriers is ∆λ = 5.14 MeV as indicated in the figure. If we take into account
the noncollective excitations, the difference decreases and becomes ∆λ = 4.71 MeV. This is also













































∆λ = 5.14 MeV







Figure D.1: The upper panel: Fusion barrier
distributions for a rotational coupling associ-
ated with a prolate deformation. The rotational
states are included up to the 2+ state. The
red line includes only the collective excitations
while the blue one includes also the noncollec-
tive excitations. The pink and the cyan spec-
tra represent the position of the eigenbarriers
corresponding to the red and the blue lines, re-
spectively. The lower panel: The overlap of
the perturbed and the unperturbed eigenvec-
tors for a prolate rotational coupling. The or-
ange and the purple lines represent the overlap
with the eigenvector belonging to the lowest























































∆λ = 5.35 MeV






Figure D.2: Same as Fig. D.1, but with the
4+ state in the rotational coupling. The green
lines in the lower panel represent the over-
lap with the eigenvector belonging to the third
lowest unperturbed eigenvalues.
We show the overlap spectra for prolate deformation case in Figs. D.1(b) and D.2(b) and oblate
deformation cases in Figs. D.3(b) and D.4(b). The orange, the green, and the purple (only in Figs.













































∆λ = 3.90 MeV


































































∆λ = 3.49 MeV






Figure D.4: Same as Fig.D.2, but with an
oblate deformation.
tive excitations) and the perturbed (in the presence of the noncollective excitations) eigenvectors.
The horizontal axis represents the height of the eigenbarriers in the presence of the noncollective
excitations. We can see that the unperturbed eigenvector for the lowest eigenbarrier has largest
overlap with the perturbed eigenvector for n = 1, that is, the lowest eigenbarrier. Similarly, the un-
perturbed eigenvector for the second lowest eigenbarrier has the largest overlap with the perturbed
eigenvector for n = 2.
For an oblate deformation with the 0+ and 2+ states, we can see that by including the noncol-
lective excitations, the distance between the eigenbarriers becomes slightly smaller. On the other
hand, including the rotational states up to the 4+ state, the higher peak is fragmented and the dis-
tance of the peaks in the barrier distribution appears to be broadened by including the noncollective
excitations, in contrast to the prolate case. A similar behavior can be observed for the vibrational
coupling case. In Figs. D.5 and D.6, we show the same calculation for the vibrational coupling
case. We assume that the vibrational 2+ state is located at ϵ2 = 1.0 MeV in 92Zr nucleus with a
deformation parameter of β2 = 0.25. Fig. D.5 includes only one phonon state for the vibrational
coupling and Fig. D.6 includes the two phonon state in addition to the one phonon state. The
meaning of each line is the same as the rotational case. Although the distance between the eigen-
barriers becomes smaller (4.18 MeV to 3.91 MeV) by including the noncollective excitations, the
peak distance of the barrier distribution appears to be broadened. The highest eigenbarrier gains

























































































∆λ = 3.18 MeV











Figure D.6: Same as Fig. D.2, but with a vi-
brational coupling.
coupling cases, and this makes the peak distance broad. However, for the rotational coupling with
a prolate deformation, the highest eigenbarrier does not broaden the main peaks. This is because in
the prolate deformation case, the higher eigenbarrier has a larger weight in the unperturbed calcula-
tion, and the highest eigenbarrier which appears in the perturbed calculation only smear the higher
peak of the barrier distribution and does not broaden the peak distance.
We can give some explanation to the shrinkage of the peak distance for the rotational coupling
with a prolate deformation according to the perturbation theory. The coupling matrix in the present
calculation has the following form
V = (Vcoll + ϵ) + VRMT (D.1)
with
Vcoll + ϵ =

0 f 0 0 · · ·
f g 0 0 · · ·
0 0 ϵ3 0 · · ·












0 0 c3 c4 · · ·
0 0 0 0 · · ·
c3 0 0 0 · · ·








The first matrix represents the coupling matrix related to the collective excitation plus excitation
energy (the unperturbed part), and the second matrix represents the coupling matrix related to the
noncollective excitations (the perturbed part). The numbers f , g, c3, c4, · · · represent the coupling
strength (g includes the excitation energy of the collective state ϵ2), and ϵ3, ϵ4, · · · represents the
excitation energies of the noncollective states. One can diagonalize the unperturbed coupling matrix
by some unitary matrix U as
U {Vcoll + ϵ}U† =

λ(0)1 0 0 · · ·
0 λ(0)2 0 · · ·




















12 0 0 · · ·
u(0)21 u
(0)
22 0 0 · · ·
0 0 1 0 · · ·








Note that λ(0)m = ϵm for m ≥ 3. Here, we make an assumption that λ(0)2 ≤ λ
(0)
m (m ≥ 3). The first order









We consider the difference of λ′1 and λ
′
2. It is given by


































is satisfied for at least all m ≥ 3, then





that is, the distance of the eigenbarrier becomes smaller. Notice that the left hand side of the
condition (D.8) is the weight factor for the lowest eigenbarrier. In the case of a rotational coupling
with a prolate deformation considered above, the assumption with respect to the ordering of λ(0)n is
satisfied. In addition, from
λ(0)m − λ(0)1











and the fact that the lower eigenbarrier has a smaller weight factor than that of the higher one in the
case of prolate deformation, the condition (D.8) is satisfied. Thus, the perturbation theory predicts
the shrinkage of the distance between the eigenbarriers, and as we have seen above, this is the
case. For the case of a rotational coupling with an oblate deformation and a vibrational coupling,
the lower eigenbarrier has a larger weight factor and the condition (D.8) is not necessarily satisfied,
even if the assumption with respect to the ordering of the eigenbarriers is satisfied. Thus, we cannot
draw a definite conclusion in contrast to the prolate deformation case.
Generally speaking from the discussion in this sections, it is clear that the shrinkage of the peak
distance due to the noncollective excitations, which leads to the smearing of the peak structure,
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